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S1m~~~.ry

Lightbill ’ s theory of jet noise , as extended and developed by
Ribner ( self and shear noise) , has successfully described many features of
the jet noise outside the ‘refraction valley’ . However , attempts to measure
the self and shear noise source terms directly by means of a cross-correlation
technique have been only partially successful . The maj or difficulty has
been suspected as spurious ‘probe noise ’ generated by turbulence - hot wire
interaction . Thus, to avoid this problem, the traditional hot wire an~mcnneter
has been replaced in the present investigation by a non-intrusive device: a
Laser Doppler Velocimeter . Substantial modifi cations were made to meet the
constraints imposed by the correlation experiment; a major feature was provi sion
to measure i~~ , the cc~~onent of turbulent velocity in the observer direction 4.

Cross- correlations and. cross-spectral densi ties of the jet noise at
1~0° to the jet axis and the instantaneous turbulent jet flow U~ (~

2u~J~t2
shear noise source term) or ux2 (?,2ux2/~t2 — self noise source term) were
measured at various source positions in the jet . Source distributions were
inferred therefrom over slices of jet normal to the jet axis. They were
found to be strongly pear-shaped, rather than axisy~metric , the small end of
the ‘pear ’ pointing toward the observer . (This is not , however, inc~~~atible
with the axis~~ netry of far field sound intensity.)

- Self and shear noise spectra have been constructed from the measured
~cross-spectral densities by a method consistent with the postulated self/shear
~cdse formalism. The two spectra exhibit comparable amplitudes and virtually
identical shapes , but are displaced substantially in frequency: all this is
predicted by the theory . Self and shear noi se spectra extracted from far fi eld
jet noise intensities via an algorithm of Nossier and. Ribner exhibit the same
behaviour . On the w1~ le both sets of spectra , although derived from vastly
different experimental procedures, are compatible . 



CO~7~1T S

Acknowledgement ii

Si~~iary iii

Notation vi

1. IN1~RODt.L’TION 1

1.1 Historical Background 1
1.2 Ribner ’s Self and Shear Noise Mudel 3
1.3 Present Investigation S

• 2. THEORY 6
2.1 Fundamental Equations 6
2.2 Auto-Correlation and Power Spectral Density of the

Far Field Pressure 8

3. ~~~ERIMENi~AL F.AC]IIT1ES: DEV110PNEN~ AND ABRANGDENI’ 12

3.3. Laser Doppler Velocimeter 12

3.1.1 Operating Principle 12
3.1.2 Optical Package 14
3.1.3 Laser Doppler Processor 15
3.1.4 Seeding Generator 16

3.2 Analog Squaring Module 17

3.2.1 Non-Ideal Behaviour of Analog Multipliers 17
3.2.2 Squaring Circuit 18

3.3 Acoustical System 18

3.3.1 Anechoic Room 18
3.3.2 Model Air Jet i8
3.3.3 ~~.crophone System 19

3.14 Hot Wire Anemometer 19
3.5 Signal Processing Instrumentation 20

3.5.1 PAR 10]. Correlation Function C~~~uter 20
3.5.2 Spectral Dynand~cs Digital Signal Processor

360 (DSP 360) 20
3.5.3 Ancillary Instrtm~ntation 20

4. ~ CP~~fl4E~TAL CONSIDERATIONS AND CROSS-CHECKS 21

4.i The Effect of Transducers and Amplifiers 21
4.2 The Effect of Sound-Flow Interaction 23
14.3 Jet Flow Field 24
4. 14 Jet Noise 25
14 . 5 Laser Doppler Velocimeter Performance Checks 27

iv

-



r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
‘ - - ‘ - --

~~ ~~~~~~~~~~~~~~~
-

~~~~~~~~~
- - 

• • - - - -
~~~~~ 

--- - - -‘- - -
~~~~~~~~

- -
~~

4.5.1 Beam Intersection 27
14.5 .2  Measurement of Jet Velocity 27
4.5 .3 Effect of the LDV Processor on the Turbulent

Velocity Spectrum 28
14. 5 .14 Mass Addition Due to Seeding of the Flow 28

5. EXPERIMENTAL PROC~~URE 29

5 .1 Field Points 29
5.2 Signal Handling 29
5.3 Corr elation Measur ements 30
5.4 Cross- Spectral Density Measurements 30

6. R~~UIZ2S MID DISCUSSION 33

6.1 Cross-Correlations 33
6.2 Contribution to the Jet Noise from a Unit Volume of Jet 33
6.3 Contrib ution to the Jet Noise from a Slice of Jet 34
6.14 Jet Noise Contribution from Field Point s in the Region

3 < y 1/D < 7  35
6.5 Concluding Remarks 38

FERENCES 39

FIGURES

APPENDDC A - A SIMPLE JET NOISE MQD~~

PIPPENDDC B - NOISE GE~~IRP~T~fl) BY TRANSDUCER-FLOW IN]~ERACTION

APPENDDC C - CROSS-SPECTRAL DENSITY ESTIMATES COMPUr~ID BY A
FAST FOURIER TRANSFORM ANALYZER

APPENDIX D - SOME PROPERTIES OF THE LASER DOPPLER SIGNAL9

APPENDIX E - ESTIMATE OF THE POWER SPECTRAL DENSITY OF THE
LDV O~~PtJT



F - - _ 
T • T ~~~:T. ~TT~ -

Notation

p density of air (kg/rn3)

p0 density of air at ambient temperature (1.2 kg/rn3)

P overall pressure (N/rn2)

p acoustic pressure (N/m
2
)

p~~ 

• 

acoustic pressure generated by sources 

2 2
p acoustic pressure generated by sources a u

P~ef arbitrary mean square reference pressure

v~ total instant aneous velocity in the i direction

U
1 

turbulent ve1~city in the 1. direction

U~ mean velocity in the 1 direction

c0 speed of sound at ambient temperature (343 m/sec)

coordinate , usually designating source position in the jet

x coordinate , usually desigrm ting observe r position

D jet nozzle diameter

R jet nozzle radius

y1/D normalized axial jet coordinate

r/R normalized radial jet coordinate

azimuthal angle

• ~~ 
cross-sectional area of a slice of jet at y

1/D 
= n

cross-correlation of v
1(~ ,,t) and v2(y,t-~r)

t time (sec)

time dela~r ( see)

cross-spectral density of v
1(x ,

t) and v2(y, t)

radian frequency (sec~~)

f frequency (Hz )

vi
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arbitrary time interval (see)

d1,2 relative contribution of a source in a slice of jet to the

far field shear (i) or self (2) noise, reference position i~
at r/R = 1, ~ =

D12 area integral of d1,2 over a slice of Jet

~(t) delta function: f
°°6(t - t 0)f(t)dt = t(t 0)

H(t) Heaviside functlo: (unit step): 5 6(t)dt = H(t)

h(t) impulse resp&lse of a linear system

transfer function of a linear system tFourier transform of h( t ) )

velocity conver sion factor (V/m/sec)

k~ 
• pressure conversion factor (v/N/rn2)

V
~ 

voltage analog of the physical quantity S

7 AC feed-through coeffi d ent of an analog multiplier

root mean square value (e.g.

v0 frequency of laser light

waveiength of laser light

~opp1er frequency

i,j indices of the coordinates (1, 2, 3)
— denotes time average

vii
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1. fl~ RODUCTION

1.1 Historical Background

Over a quarter century ago , Sir James Lighthill (Refs. 1, 2)
proposed a theory of sound. gener ation by turbulent flows . The governing
wave equation is a direct consequence of the equation s of conservation of
mass and momentum. The sound sources are described as an equivalent distri-
bution of quadrupoles in a quiescent medium whose strength is pr oportional
to time varying virtual stresses in the fluid. For a subsonic jet at ambient
temperature the iner tial Reynol ds stresses pv1v1 are the dominant sources .
Scaling consider ations led Lighth ill to deduce Ehe U8D2 acoustic power law
which is strong ly supported by measurements from subsonic jet flows (Ref. 3).

In order to be able to predict the relevant pr operties of jet noise
• 

- (the mean square pressure for example) two point corre lations of pv jvj , or
equivalent source ter ms , must be known or modelled. Proud man (Ref . 14) pointed
out that the distribution of source s ~with stre ngth ~2/~t2 pv~2 (a single
term) is equival ent to the quadr upole di stribution of stre ngth pvjvj ( six
terms) , if the radiation to an observer at x far away from the sonrce region
is considered ~~ is the velocity in the di?ection of the observer). He
applied. this formalism to evaluate the noise from decaying isotropic turbulence
described by a stati stical mcdel . 

-

Lilley (Ref . 5) applied. Lightbill’s theory in a quantitative fashion
to the noise generation of air jets. A particular feature of his approach was
a split into ‘shear noise’ and ‘self noise’. The shear noise sources were
modelled (Ref . 2) as proportion al to the first time derivative of the total
pressure multiplied by a mean rate of strain. Such sonrces were believed to
be dominant in regions of high shear , as is found in the mixing region of a
jet. (Ribner , Ref. 6,,iater argued that the relative spatial scales of
turbulence and mean shear are comparable in such a region and thus the shear
noise sources are not necessarily dominant.) Additional noise - self noise -
is generated by the turbulent flow regar dless of the presence of mean shear .
Lilley computed hypothetical spectra and directi vity patterns based on assumed
two point correlat ions of the self and shear noise sources . He independently
derived the x0 and. x 7 law s , first obtained by Ribner (Ref . 7) ,  whi ch describ e
the axial source strengt h distribution in the mixing region and the fully
developed jet respectively . Powell (Ref. 8) also developed these scaling
laws from turbulence similarity consi derati ons , as well as a corresponding
jet noise spectral shape (f2 at low frequen des, f .2  at high frequencies) .

A different self and shear noise model was proposed by Ribner
(Ref a. 9, 10) in which the momentum flux pvx2 of the Proudman formalism is
decompo~ed into two contributi ng terms 2ptlxux tUx(~~ uz/~t2) shear noise]
and pux’[(~ 2u~2/~ t2) self noi se). He was able to - predic t the qualitative
behaviour of the self and shear noise both as to direct ivi ty and relative
pitch . Source conve ction was incl uded in the analysis , and good agreement
with measurement was found for field points outside the valley of relative
quiet that exists near the jet axis.

The earlier work ( e . g . ,  Lighthi].l , Lilley, b c  cit) incluied
source convection (at a fr act i on Mc of the speed. of sound) but neglected
~a~~11 variations in the travel time ( the time delay between emission and

1
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reception) across a coherent source region; it predicted a (i - M~coseY
5

amplifying ‘convection factor’ which can be singular for Mc � 1. Ffowcs
Williams (Ref . U) and Ribner (Ref. 6) showed by different methods that the
singularity is removed if the correct time delay is used. According to this
factor, source convection at subsonic speeds (Mc < 1) strongly biases the noi se
towards the downstream direction (e -~~~ o) .  However , refraction bends the sound
rays towards the sides to create the peculiar ‘valley of quiet’ along the jet
axis; this gives the overall directivity a heart-shaped appearance .

The role of refraction by ~ ie jet velocity and. temperature gradients
was recognized independently in the Urited Kingdom (Ref. 12) and in Canada.
Ribner ’s group, in a major series of experiments (Ref s. 13, 14) ,  showed. that
the sound of a pure tone point source placed in a jet flow has a valley of
quiet that at each frequency closely matches that of narrow band filtered jet
noise centred at the same frequency. since the pure tone source is n&zid.irec-
tional when the jet is turned off , this confirms that the valley of quiet in
the jet noise must be due to refraction of sound by the mean flow velocity-
temperature gradients. Later Schubert (Ref s. 15, 16) theoretically predicted
similar directivities. The noise in the ‘valley of quiet’ is low pitched; the
pi tch increases steadily as the observer moves away from the jet axis; this
is just the reverse of what would be expected from simple Doppler shift
considerations. However, high frequencies suffer more refraction than low
frequencies and are ‘bent’ further away from the jet axis; thi s ~in conjuncti on
with the directional and pitch properties of Ribner’ s self and shear noise
model explains the ‘ reverse Doppler shift ’ .

MacGregor et al (Ref 17) demonstrated a viable semi-empirical theory
based on Ribner ’s self and shear noise model (which neglect s refraction) in-
corporating measured or calculated (Ref S. 15, 16) refraction corrections . The
empirici sm of the model correlations is a substitute for a detailed spatial
and temporal knowledge 01’ the relevant turbulence parameters , and the a poster-
ion refraction correction allows for reasonable estimates in the refraction
zone .

Refraction is automatically accounted for if a convected. wave
equation with variable mean flow is considered. An equation of this kind
was derived by Phillips and. applied. to predict the sound from a turbulent
supersonic shear flow (Ref . 18) . A similar equation has been used. in the study
of combustion noise (e.g. ,  Ref . 19) ,  although with different dominant source
terms . Lilley (Ref . 20) went further and formulated a third order generalized
convected. wave equation which contrasts with the more traditional second order
equations of the previous models. The Lilley equation separates generation
effects (sources) from propagation effects more precisely than the Lighthill
formalism; thus ,despite its complexity, it has come into widespread use (Refs .
21, 22).

The convected wave equation can only be solved analytically for
idealized mean flow distributions. Mani’s (Ref. 23) model of jet noise
generation is one of them . It use$ a form equivalent to Lilley’ s equation ,
and. describes moving quadrupoles in a cylindrical je t  embedded in a fluid at
res t .  In Mardi’s model the shear term, which in Ribner ’s model is on the right
hand. side of the wave equation as a source term, is in effect on the left hand
side as a propagation term. Ribner poin~a this out in Ref. 2~4 and demonstrates
that the respective theories, although they differ in the role of the shear
term, show comparably good agreement with experiment outside the refraction
valley.

2
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Recent ly recognition of the existence of large-scale coherent
structures in jet turbulence has led to analyses (Refs. 24, 26) which suggest
that such structures, particularly axisymmetric ones , can be effi cient sound
radiators. The experimental evidence, however, fails to support this in the
case of’ jet noise. ~bctensive far-field measurements of Maestrello (Ref. 27)show that two microphones on opposite sides of a jet have very poor signal
correlations except at small angles to the axis; thus any axisyimnetric com-
ponents contribute only a small fraction to the total jet noise . Furthermore,
Ribner (Ref . 28) has recently shown that his self and shear noise model is
capable of predicting two point correlations of the jet noise , in good agree-
ment with measurements by Maest rello, without invoking large scale structures .

An altogether different approach , in troduced. circa 1958, models the
sources as fluid dilatations proportional to fluctuating pressures (pseudosound)
in and near the jet flow. Such a source model is implicit in the work of

• Meecham and. Ford (Ref . 29) ; Cox’cos and Broadwell (Ref . 30) and. Ribner (Ref . 31)
• formulated the model explicitly. Ribner (Ref. 6) developed the dilatati rffl

approach in detail and illustrated phenomena associated with source convection
and wave cancellation effects, among others , all of which can also be applied
to Lighthill ’ s formalism. The equivalence of the dilatation and Lighthill
models has been demonstrated by Ribner (Ref . 6) and acknowledged by Lighthill
(Ref. 32) .

At first the dilatation theory did not enj oy widespread attention ,
possibly for lack of detailed experimental information about the pseudosound
field of a turbulent jet . On the experimental side there were suspicions that
pressure prthes locally distort the pseudosound pressure they were intended
to measure . Over the years the experimental difficulties have been overco~ne,
and the dilatation theory continues to be the subject of experimental a.nd
theoretical investigations (Ref S. 33~ 

31+ , 35, 36).

1.2 Ribner’s Self and Shear Noise Nodel

Ribner (Refs. 9, 10) developed. the Proudman formalism by noting
that the instantaneous velocity in the direction of’ an observer at x in the
far fi eld is the sum of a mean velocity U~ and a turbulent veloci ty ~.t~ç(y, t ) .
This leads to two families of sources: one , proportional to ~~z~2/~t’~ contains
only the unsteady turbulent velocity. Noise generated by such sources, which
are -found in all turbulent flows, is called self noise . For the case of
isotropic turbulence (assumed in his analysis) sources of the type 2Ux(~~t~xJ~t2)
can be shown to contribute only if the mean flow possesses shear; hence the
name shear noise is associated with this second source term.

Using certain mean flow and turbulence models , Ribner was able to
predict the qualitative behaviour of the self and shear noise. The results
suggest that the basic self’ noise is omnidirectional, whereas the shear noise
has a dipole-like directivity with lobes pointing along the jet axis - The

shear noise spectrum is predicted to peak about one octave below the self noise
spectrum; the ma~d.mum int ensities are comparable. These basic patterns are
powerfully altered by convection and refraction effects.

The first extensive cc~~ aris on of the self’ and shear noise model
with experimental data was performed by MacGregor et al (Ref . 17) . More
recently Nossier and Ribner (Ref . 37) found good agreement between predicted

3 
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and measured narrow-b and filtered jet noise dire ctivity patterns and demon-
strated that the self and shear noise spectra extracted from far field data
of several investigator s conforme d to the predictions of the theor y . The
comparisons were restricted to points outside the refraction valley, as the
basic theory does not pre dict refraction .

The surprising lack of spatial coherence of’ the far field jet noise
inferred from measured two point correlations of jet noise (Naestre llo, Ref .
27) led Ribner (Ref . 28) to extend his self-shear noise predictive model to
deal with two field points (microphones) rather than one. The result was a
quite reasonable quantitative fit of the normalized theoretical ai~d measuredcross-correlations. The agreement is especially good for the plane at 9Q 0

to the jet axis which should. be insensitive to convection effects (the model
excltded convection effects as a concession to mathematical expediency) .

At the present time this is the only theory that has been demon-
strated to account for the major features of jet noise for both one and two
microphones outside the zone of refraction . The model contains one -empir-
ical :coflstant: rather idealized correlations are used. and the average temporal
scale (or equivalently the Strouhal number) is chosen for best average fit;
the Stro uhal number is roughly compatible with measurements in jet turbulence.

It can be argued that Lighthill ’s theory, which underlies all this,
describes only an equivalent source distrib ution and. not the ‘ real’ one , since
the source integral has been modified by the application of two integral
transformations. While the value of the integrals may well be equal , the
integrand.s, which are proportional to the effective source st-ength distri-
butions, may not be one to one. The dileDm~a is analogous to the one found
in electro statics , where dissimilar distr ibution s of xnw~opoles and dipoles
can resul t in equivalent electric fields. (A monopole distribution of local
strength equa l to the minus divergence of a certain dipole distrib ution will
generate the same field.)

Even though Ribner’ s self and shear noise formali sm appears to be a
valid description of’ noise generation by turbulent flows, there has been a
lack of’ conclusive evidence such as furnished by direct measurement of the
supposed sources leading to correct prediction of the far field noi se . The
first serious attemp t to measure the self arid shear noise was made by Chu
(Ref . 38) : he measured pertinent two point velocity correlations in a jet
flow. The fourth time derivative of these correlations can, in principle, be
used to determine the properties of the radiated noise, and perhaps lead to
the validation of the self and. shear noise model . It was found tha t multiple
differentiation of time domain data is invariably acc~~~anied by a large error.Later Lee and Ribner (Ref . 39) used. an idea of Sidion to estimate the
combined self’ and shear noise source strength distribution as well as the far
field spectrum from two point cross-correlations between measurements of’
vx2 (tJ~ + U~~

)2 and radiated sound . Only two differentiations are needed;
however, there is a trade-off’ between the relative ease of’ data analysis and.
poor signal to noise ratio, as the cross-correlations by nature possess very
~m1ci11 amplitudes. Fbcperimental difficulties finally Led Lee to abandon the
correlation in favour of the mathematically equivalent cross-spectral densit y.
With the latter approach estimates of the overall source strength distribution
and the radiated spectrum were obtained.

14
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Seiner and Reethof (Ref. 140) applied this technique, but with the
hot wire signal split into Ux and u~ to extract the apparent self and shear
noise source strength distributions. Their measurements, supported by
earlier unpublished work of Morris in this laboratory (Ref. 1+1) , appeared
to show that the shear noise term dominated the self noise by at least 10 ~~~~,

whereas the theory , supported by much indirect evidence from far field jet
noise measurements, suggests that the self and shear noise should be comparable
in intensity. It was this discrepancy that provided much of’ the motivation
for the present in-depth investigation .

In the direct correlations of the jet flow and jet noise discussed
above , the instantaneous jet velocity components U~ and ux were measured with
hot wire probes . The presence of such solid objects - the probe support
need les - in turbulent flow gives rise to noise generated by the unsteady

• forces that act thereon (Ref’s . 142 , 1+ 3 ) . Even though the very weak sound
radiated. by the hot wire probe is buried in the overall jet noise , the ~nall
signal may be well correlated wi th the flow that impinges on the probe and
is measured by it. This implies that the measured correlations of the probe
signal and the far field microphone signal could be significantly ‘contaminated’
by a spurious probe noise contribution . This second possibility further
helped. motivate the present experimental investigation. (The theoretical
expectations for probe-flow interaction are discussed in detail in Appendix B.)

1.3 Present Investigation

The noise generated by the probe-flow interaction will be eliminated
when the hot wire anemometer is replaced by a remote sensing scheme such as
the Laser Doppler Velocimeter (LDv) . Since the demonstration of the Laser
Doppler method by Yeh and Cunmiins in 19614 (Ref. 1414) , the technique has been
refined., and reliable Laser Doppler systems have been available ‘off the shelf ’
for several years .

Knott et a..l (Ref . 145) have performed parametric LDV studies of a
high speed , high temperature , turbulent jet , and also demonstrated that the
LDV can be used. in cross-correlation measurements of the jet flow and. jet noise .
The cross-correlation measurement was , however , res tricted to a single pair of
fi eld points in the jet flow and the far field.

The present investigation is an extension of’ the work of Lee and
Ribner (Ref. 39) and others (Refs . 140, 4] .) in the fiel d of jet noise diag-
nostics via cross-correlations. A major difference is the replacement of the
hot wire , with its spurious noi se , by an LDV. The research program was
divided into three tasks :

(1) adaptation of an ‘off the shelf ’ LDV system to the special
requirements of a cause and effect experiment ,

(ii) identification of possible sources of error that may affect
the estimates of the correlation between jet flow and. jet
noise , as well as validation of the Laser Doppler Velocimeter
system,

(iii) direct correlation of the postulated self and. shear noise
source terms at selected fi eld. points in the jet with the
radiated. sound , and computation of overall self and shear
noise spectra based on the correlation measurements.

5
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Asses~~~nt of the compatibili ty of the predicted far-field spectra with
measured curves would test whether the self and shear noise model is a self-
consistent description of sound generated by turbulent flows.

2. THEORY

2.1 Pund~m~ntal Equations

The central equation of noise generation by turbulent flow can be
derived from the equations of mass and momentum:

(2.1)

+ 
~~ 

j  ~~~~ 
+ + * 12 0 (2.2)

p is the fluid density , P the pressure , vj the fluid velocity in the i direction ,
and ,-jj the viscous stress tensor . (i ,j ) range from 1 to 3, and repeated indices
are st~~ ed over . The operation:

~~~~
— (12 + v~I1) - I~ (2.3)

combines Eqs. 2.1 and 2.2 into the form:
2 2

2 ~~P v vj  ~~ r j  2
- = 

~Yj~~j  
+ + —.

~~ 

P - c(, ~

after adding c0~
2 

~2/~t2(P) to both sides (see for example Ref . 6). The left
hand side of Eq. 2. 1+ is the linear wave operator applied. to the pressure P(y, t ) .
In a ccmpressible stationary medium, small disturbances propagate at a speed
C~ that is characteristic of’ the medium (Ref . 1+6) . Equation 2.1+ therefore can
be thought of’ as describing the sound. field of a turbulent flow by an equivalent
distribution of sound sources in a quiescent medium (Ref . i) with no flow and
uniform sound speed c0.

The simplicity of the equation is deceiving, as it allows for all the
subtleties of source motion , refraction of sound by mean flow and temperature
gradients, and other phenomena. Perturbations in the density p for example , in
conjunction with mean velocity gradients are responsible for refraction of
sound. If the flow is ani sentropic (e.g. ,  a heated jet) , the term c0~~ ~2/~t2
(p - c~ 2p) will be nonzero. Thi s causes further refraction and can be a signifi-
cant source of sound. (combustion noise for example) . There is no unique descrip-
tion of sound generation by a turbulent flow, as the conservation equations and
their solutions may be manipulated in a variety of ways (Refs . 18, 20).

In Lighthill’s trea~~~nt of a turbulent subsonic jet a~ ambient
temperature the source-like terms are taken to be dominated by ~‘povjvj/ ~Yj~Yj ,

6



and the features mentioned above are suppressed. The principal contributor
to, this s~~pression is the replacement of the variable local density p by
the constant ambient density p0. Thus , as a first approximation, the sound
generated by such a flow is described by the differential equation:

2
1 ~~ ~~ ~~P0v~v~P~~ ~2.5

c0 ~t I .j

The pressure at any field point x and time t is c~~~uted by the
volume integral (Ref . 1+7) :

1 5(t’ - t + c~~1x - .~1) ~2
P(~ ,t) = P0 + 

rTff 
- ~~i~~j  

P0vIv
~(~r ,t’) dt’d (2.6)

The source region is assumed to extend over a volume V that encloses the region
of sensible (i.e. measurable) jet flow . The integral sums the contribution of
each elementary source at in V. The delta function determines the difference
between the time of signal emission at y and signal reception by an observer at
x. - ii is the source-receiver sepa~ation .

A mathematically equivalent description is given by:

+
P(x ,t) = p0 +

~
_ Jf 

~~~~~

_ [ -
~~~~~ 

° 

~ 
~~~~~

-. p0vjvj(y,t’)] dt’dy

1 rr ~ r o(t ’ - t + c ~ J x - y I )  1- 

~~~~~~~ L - 
j ~~ 

P v~v. (y,t’) dt’ dy (2.7)

Application of the divergence theorem (Gauss theorem) shows that the first
integral does not contribute to P(x ,t ) ,  if there are no solid boundaries: the
transform into an integral over the bounding surface of V is zero, as the
integra.nd decays faster than r 2 for large r. The procedure may be repeated
for the remaining integral:

1 ~2 5(t’ - t + c~~ j~ - y J )
P(x ,t) = P0 + 

~f[’ ~~~~~~~~~~~ ~~~~~ - 

dt’dy (2.8)

where -

~2 5(t’ - t + c~~ ~~~ 
- ~l)

~yi~yj

r (x - y )(x~ - y)~ ~2 
-= I 2 2 2 o(t - t + c0 Lx - y J )

~x~~~y J L  c J x - y J  ~t -

+ ( ~ (x~ -~~~)(x~ - Yi)~~~ (
~ ~ 

~~~ - ~ + c~~ ~~~ - 
~~ 

I)

— 
1 5(t’ - t + c~~Lx - i i) ) ] (2.9)
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and 
~2 b(t’ - t + ~~~~~ - .~I)

l2V~~I

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~I > I  (2.9A)

For an observer outside the flow and sufficiently far away so that
- .~I I~ I >> typical w avelength, the only significant contribution to the

acoustic pressure is made by -

P(x ,t) - “0 = 
4 2 ~~~~~~~~~~ ~~T2 o(t’ - t + ~~~ 

~~~~~
since the other terms decay faster than ~~~

Noting that xjvj J~ J~ = . v j~j_]. = VX the ccni~ onent of the velocity
in the direction of the observer at x , and integrating by parts results in the
so-called Proudman formalism:

p(x ,t) = P(x , t) - P0 = 1
2 Jf ~~~ 

p v 2(y, t) o(t’ - t + c~~Lx - yJ) dt ’dy
1+~~o ~~ v (2.11)

In this particular description only the velocity component in the direction of
the observer contributes to the sound. heard by the observer. vx can be measured
wi th considerably less effort than ViVj ( simultaneous measurement of vj vj is
a Herculian task) , and thus opens the way for experimental verification of the
theory via a correlation technique.

Equations 2.10 and. 2.11 are the central equations governing the
generation of sound by unsteady flows; they are referred to as the Lighthill
and Proudman forms , respectively .

2.2 Auto-Correlation and Power Spectral Density of the Far Field Pressure

The instantaneous far field acoustic pressure (the pressure differ-
ence from ambient) due to a turbulent jet flow fluctuates above and below zero
in a random manner . It is therefore appropri ate to characterize the noise by
measuring relevant statistical properties such as the auto-correlation functi on ,
and the power spectral density of the pressure . The auto-correlation of’ the
far field acoustic pressure is defined to be (Ref . 148) :

R~~(x~T) = p(x ,t) p(x ,t - 7) = T~~~ ~~
JP(x,t~ p(x,t - 7) dt (2.12)

substituting for p(x,t):

= 
~~ 1+~~ 

2LI~LfJ~
’

~~~~ 
p0v,~

2(y, t ’) 5(t ’ - t + ~~~~~ _ r I )

p (x ,t - i-)d.t ’d.tdy (2.13)
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In general the velocity vx is the sum of a mean velocity Ux ~x and a turbulent
velocity UX = v~ - ~~~~~~

. The source term expands -into
2 2

~ = 2 —~~(u +~~u u  + u ~~) (-2.11+)

The first term is identically zero , hence:

R~~(x~T) = 2 f2 UX(~ ) 
~~~~~~~~ 

p~u~(y, t) p(x ,t - T + C~~~~X - y J )  dy

+ 1 f ~~~ p0u~
2(y, t) p(x ,t - ~ c~~ ~~~ - 

~ I) dy (2.15)

For steady jet flow ~~~~, ~~2 , and p are statistically stationary random
variables (Ref . 1+9) , so that

= U~(y) 
~~~~~~~~ 

u~(y, t) p(x , t - ~ + c~~~I~ ~~~ ~

+ “
~~~JA u~

2(~,t) p(x ,t - + c~~Ix - 

~ I) dy (2.16)
o •,. v

The far field acoustic pressure auto-correlation is the sun of’ two
volume integrals. At ~ = 0, the integrals describe the mean square pressure.
Ribner (Ref . 10) has called the two contributions shear and self noise respec-
tive].y. This kind of division was first suggested by Lilley (Ref . 5),  but
with different definitions .

Following the notion at’ Siddon (Ref . so) , one may think of’ these
cross-correlations as causality correlations, as they compare the supposed
source terms t2Ux ~2/~t2(u~), ~~/~t2(ux2)j with the effect they produce . The
correlations have dimensions of a mean square pressure per unit volume and
describe the sound radiated by a correlation volume about the source point .
A single correlation volume , therefore , contributes a small amount to the mean
square pressure . If one assumes that there are N such correlation volumes of
equal strength (t~V•N = v),  then it follows that the normalized peak correlation

• coefficient is of order i/~.4~ (see Appendix A for a more detailed mathematical
• analysis) .

- 

• The Wj ener-IQiinehjn theorem states that the auto-correlation function
and the power spectral density are Fourier transform pairs (Ref . 51) :

R,~ (x , r) =f p (x ,w) e’t ”
~ d~ (2.17)
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The power spectral densi ty ~~~~~ can be determined from Eq. 2.12 by taking
the inverse Fourier transform:

p (x,w) = ~~ — r~ (x ,i-)e~”i- dw (2.18)pp -v 2irJ P P r

Substituting for R~~( x ,,-) :

2
_________ 

-l ~, 1w,-~0 If U (y) 1. ~ u (y, t)p( x ,t - ,- + c~ Lx - y J ,  e dTdy= 2 21e7r c LX I ’  v 
x —, -,

p0+ c Ix - y~) e d-r dy (2.19 )
8,,- c0 ~~~~~~~~~~~~~~~~~~~~~~~ 

u~
2(y, t)p(x ,t - i- + 

-1 iwi.
2 2 0 -~~ -,

After integration by parts:

~~ 0 r W2U (y) 
1wc~~ ~x-y

~
t
~~~~~~~

’
w) 0 ~e dy= - 

27It0
2

[~~IJ~ 
X --r

p0 I 2 ( S
- 2 , x ,y,tal ) e dy (2.20 )

14,,-c x J u p~?~ ? -

0 —, V X

where -

~u 
(x ,y,w) = u~(y , t) p(x ,t - 1-) ~~e di- (2.21)

xp~~~

and

iW-T
2 (x,y,w) ~f u~~(y , t) p(x ,t - ,-) e dT (2.22)

~1 
-?

u p~~~7x

The ppwer spectral density at the far field sound pressure is expressed
by Eqs. 2.20 to 2.22 as a volume integral of ~wo weighted cross- spectral density
functioi~s cp~~ ,(x ,y,w) and 2p(~~,~ ,W).  The d ouble differentiat ion with respect

-‘p

to -r in the time domain is equivalent to multiplication by -w2 in the frequency
domain (Ref . 52) , a property that will be used in the analysis of the measured
data.

The cross-correlation functions R~,~~(x ,y, T) = u~(y,t) p(x ,t - ) and
Ru~~ p(~~,~~,T) = Ux2(

~~,t) p(x ,t - -r) as well as the cross-spectral densities
p~,~~(x ,y,w) and ~~~~~~~~~~~ can be estimated by direct measurement. Both
representations contain the same information, and it is often a matter of
convenience which one is to be used. For each position x the above functions
must be defined over all values of y, i- , or w.

-p
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As turbulence levels vary slowly with position in the jet , the volume
integrals 2.16 and 2 .2O may be approximated by a suitably weighted su~nation
over a finite n~~~er of source points . The weighting is a measure - ot the
effective volume over which the single estimate is a reasonable appi’oximation
to the integrand . For example , the Oxpression -

N 
-

R~~(x~-r) 
27~C

2 Lx I ~~u~
(y

~
) ~~~~~~~~~~~~~~~~ I~V~’~

~~~~ Lx-x~I

M
+ 

~i- , 2 R 2 (X~,~m~i’) t~v
(2) (2.23)

“~~o ~~~~~~~~~~~

estimates the auto-correlation of the acoustic pressure from measured ‘causality
correlations ’ of the postul ated sources (as described by Ribner ’ a self and shear
noise formalism) and the far field pressure .

The time domain estimates are very susceptible to signal to noise
pr~~1ems because of the small amplitudes of the cross-correlations . On going
over to the frequency domain , the transform

- 

~~ ~I:U (yn)w2
Puxp(x , y : W )e O k~~~1 1 (1)

PO ~T 2 - iwc ‘~1m1 (2)
- - 2 

~ 
LW ~~ 2 ~~~~~~~~ ~~m (2.2 1+)

0 - 7 m l  x~~
describes the power spectrum of the far field pressure ~as a sum~ation ofmeasured cross- spectral densities . The differentiations with respect to ,
of the time domain data will invariably result in mor e errors , whereas multi-
plication by —w2 should only alter the shape of the cross-spectral densities,
which are likely to be smooth functions of frequency .

The measurement of the ‘ causality ’ correlation s and the cross-spectral
densities is one of the major objectives of this investigation. Should the
experimental results be demonstrated to be compatible with the above equations,

• then the self and shear noise model becomes a more credible description of the
noise generation of turbulent jets.

It must be emphasized that the measure d cross-co rrelation and cross-
spectral densities are not estimates of a unique source distrib ution : they are
but estimates of one of a nt~~ er of mathematically equivalent source patterns
The overa ll contribution to the far field sound pressure from such equivalent
source d.istrib ut ions are identical .

U
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The relative intensity and directivity of the self and shear noise
have been predicted theoretically (Ref . 10) using certain models to describ e
the statistics of the turbulence . The self noise (assuming isotropic tur-
bulence) is omnidirectional and. the directional pattern of the shear noise is
dipole-like , with the lobes pointing along the jet axis. The basic overall
directivity is significantly modified by source convection and refraction
(Refs. 13, 14, ].5, 16) . Refraction of sound by a jet flow is generally
significant only for angles less than 1+00 from the jet axis. Any experiment
designed to detect a cause-effect relationship between the principal source
term and the radiated far field sound pressure should avoid measurements in
that region , unless it or the theory incorporates a correction for refraction.

3. FXPERD4ENTAL FACILITIES: D~~~L0P)~ NI MU) ABRA1~G~2~~~

A considerable portion of the project has been devoted to the
development of a Laser Doppler Velocimeter (wv) system that could meet the
constraints imposed by the nature of the experis~nt:

(i) the system should not interfere with the flow field nor the
sound. field,

(ii) the frequency response should extend to the upper audio range ,

(iii) the seeding generator needed to supply a sufficient ni.m~ er of
scattering agents for the Laser Doppler Velocimeter must be
very quiet .

The development of the latter proved to be a rather time-consuming endeavour .

3.1 Laser Doppler Velocimeter

3.1.1 ~perating Principle

A small particle travelling with a non-relativistic velocity
= ~y/~t crosses a light beam of frequency v0 az~d wave nwth er vector k1,

= 2~ vo/c, and scatters the spherical wave described by

SE -i (2~jv0t - k1-y) iklx-yj
= e e ‘ (3.1)

-, 

ikIx -~~l

to the observer at x in the far field. S is a directivity factor that depends
on the particle siz~’, refractive index , and the incident radiation (Ref. 53);
k is the scattered wave ntmber . The far-field approximation is:

Esc~~(x ,~ ,t) ~~~ e (3 .2)

where 

= e~ 

(k  ~~ i —

k I ~~J 
-
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If a second- beam of light of the same frequency v0 but with a different wave
vector is scattered simultaneously, then the signal at becomes:

-i [2~
1i/ t+ (k-

~~~~
kl).Y 1

E30~~(x ,y, t) = &~ { e
T~~AL

~~~~~~~~~~~~~~~~~~~~~~~~+ e  (3 .3)

It has been ass~med that S varies sufficiently slowly over the range 8 =
tan l( 1k1 - i~~~ 1/2 1k1 + k2 I ) to be represented by a const ant . The expression

• E~~t’jp2 can be rewritten in the form of an amplitude modulated signal:
T~Y~AL

- 
-i [2 ~~0t - 

(k ~~~~~~~~ - .
~~~~~~~~~~ 

~ 
-i(k~ - k 1i~~t

~~~~~ _ A ~~e ~~l + e

T(YIAL (3 . 1+ )

The first term is a wave with frequency

Lv H < c  (3 .5)

and can be thought of as the high frequency carrier signal . The ampli tude
modulation consists of a DC component and a time varying signal with frequency

v =~~— ( k ~~- k,) ~~v (3.6)D ~~~~~ -‘:i. -‘p

The latter is the so-cafled Doppler signal ; it is actually the
difference of the two Doppler frequencies that are generated by the scattering
process. The frequency VD , which Is much lower than v, can be detected by a
photamultiplier and measured. by conventiona l frequen cy analyzers or high speed
counters . The Doppler frequenc y:

1
-

• vD =~~~
(.~2 - k l) •;

is unique to the system and varies linear ly with the speed of the particle ~n
the direction of the k_ - k, vector .

• -.7” ,.1.

• 
V
D~~~~~~~~~~~~

_
~~~~ I l~p I~~~~~ (3.7)

2
V

D 
= 

?
~
h0 

~~ 8~~~Icos ~
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The sense of direction is lost , but can be recovered by a system that uses
frequency shift techniques. -

For a more heuristic description consider the intersection of two
coherent light beams. -At the beam intersection an interference pattern is
created (Fig . 3.1) . The angle of intersection and the wavelength of the light
determine the fringe spacing:

- 

d~. = .~~(sin e)_1 (3.8)

A ~m,.11 particle crossing -the fringe pattern will scatter a modulated signal ,
the frequency of which is determined by the fringe spacing and the particl e
veloci ty normal to the fringes. The scattered light is then collected on the
first dynode of a photomultiplier tube (Fig. 3.2) . This type of signal detec-
tion is known as the differential mode • A phase-locked loop or a high speed
counter can be used to estimate the Doppler frequency which is directly prapor-
tiona]. to the p article speed normal to the fringe pattern . There is no
linearization required , as is the case with the hot wire anemometer. Aside
from ~m~i-11 scattering agents, the flow remains unaffected by the measurement .
The remote sensing eliminates any probe-flow interaction which may generate
an unwanted, but well correlated , sound signal. A comprehensive survey of
the operating principles , advantages, and limitations of the LDV can be found
in Refs . 514 and 55

3.1.2 Optical Package

The optical arrangement has been built up from standard DISA com-
ponent s consisting of a 55L814 Beam Splitter , 55L87 Beam Separator and Focusing
Lens, and a 55L12 Photomultipl.ier , as shown by the schematic representation in
Fig . 3.3. For minimum acoustic interference a long range back- scatter system
would have been preferable . Small particles that follow the turbulent flow
most faithfully, scatter the incident beam in the forwar d direction ; therefore ,
the differential mode of light collection (Fig . 3.2) offers a better signal
strength (Ref . 56) .

The space available in the anechoic room restricted the focal lengths
of the optics to be 30 cm. In order to minimize acoustical interference, all
optical ccmponents h ave been moved as far away from the flow as possible ,
subject to spatial and, vibrational constraints.

After several design iterations a self-contained optical package
was built . The system can be easily aligned and allows the beam intersection
to be placed virtually anywhere in the jet flow. There are two main components:
the traversing gear and the basi c optical system (Fig. 3.1+).

The X-Y traversing gear provides a stable platform for the Laser
Doppler optical system . The traversing gear has a range of travel of 30 am
along the jet axis and 20 cm laterally to it. An al~m~num U channel beam
supports the be am splitter optics and the photcmiultiplier assembly . The
horizontal support is attached to the traversing gear via a “Lazy Susan ’
bearing , providing the capability to rotate the entire assembly ~~out the
probe volume. This feature makes the measurement of vx possible . The

___________ -- - - -_ _- - - -~~~~~~ -- - -
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support beam also serves as a platform for a Spectra Physics 121+A 15 mW He-Ne
laser (632.8 nm). Two front surface mirrors on adjustable moun tings steer the
laser beam into the beam splitter optics 75 cm above the laser. The beam
splitter and upper steering mirror are attached to a bracket whose vertical
position can be adj ustel. A carrier with lateral and vertical travel hold.s
the receiving optics and the photamultip2i.er in place . The support re sts on
a 50 cm optical bench. This arrangement assures precise alignment of the
phot c~miltiplier with the probe volume. Four locating rings, epoxied on the
support beam, lock the opt:i.ca.1. bench in the correct po:;ition . The optical
bench also serves as a counterweight for the beam splitter optics , so that
there is no external torque on the traversing gear . The entire system is
quite stable , and. only severe shocks will result in misalignment . Prior to
installation in the anechoic room the laser and. the optical path to the beam
splitter were covered with a cardboard mantle to reduce dust accumulation on
the mirrors. Figure 3.5 shows the optical system after installation in the
anechoic room. When aligned to measure the velocity ccmponent at 1-0’ to the
jet axis, the beam splitter optics are just upstream of the nozzle , thereby
~1im1nating any interference with sound radiated in the direction of the
microphone .

3.1.3 Laser Doppler Processor

The detected. Doppler signals are analyzed by a DISA 55L90 counter
processor . The 55L90 is a sophisticated high speed electronic counter capable
of resolving 5 nsec intervals (100 NHz). The photomultiplier signal is con-
ditioned by adjustable high and low pass filters . The high pass removes the
so-called Doppler pedestal which does not contain any velocity information .
The low pass filter improves the signal to noi se ratio of the Doppler signal
by minimizing the noise bandwidth of the photomultiplier shot noise .

A high speed Schmitt trigger converts the filtered Doppler signal
to a square wave that is oci~~atible with the digital counter circuitry used
to measure the time t~T taken by a single particle to cross 8 fringes in the
probe vo1tm~, defined by the beam intersection .

The reciprocal of E~I~ is 8 tImes the Doppler frequency which is
directly proportional to the particle speed . The latter is available at the
output of a digital to analog converter. The DAC holds the old output level
until a new valid velocity measurement has been performed. A 10 ~&[z Doppler
signal can generate new output data at the rate of 625,000 sa~~les per second.

In practice the number of particles that cross the probe volume
per unit time and the orientation of the probe volume wi th respect to the mean
flow direction govern the data rate (Appendix D) .  The main sources of error
in the velocity estimates are large particles that do not follow the flow, but
scatter a large amount of light , particles that cross less than eight fringes
and multiple particles in the probe volume . An internal validation system
minimizes the errors caused by these invalid signals . For optimum data
acquisition both the data rate and the percentage of valid data contained in
the input signal must be large . In this instance the best use is made of
particles that pass throu gh the prob e volt~~~. A digita l subsyst em of the
processor displays the output data rate as well as the validation percentage .
Both these parameters were carefully monitored during each experiment.
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3.1.1+ Seeding Generator

In order to assure a high data rate , a proportionately large number
of scattering particles must cross the probe volume . A wide variet y of
par ticles and particle generators can be used (Ref . 57). In this particular
application, the particle generator had to be efficient as well as quiet . A
great deal of effort was devoted to the development of such a device , culminating
in two particle generators .

The first seeding generator uses ccnnme rcially available .5 pm alumina
polishing powder as the scattering agents. The particles are kept in a holding
tank (Fig . 3.6). A ~m~.11 air jet stirs the air above the particles and some of
them are carried away with the exhaust flow. The point of’ r article injection
is j ust abead of the entrance to the model jet plenum. A fine stainless steel
screen serves as a filter to reduce the chance of particle coagulation . The
parti cle concentration at the nozzle was uniform, and data rates in excess of
60 KHz were measured as far downstream as 7 jet diameters . It was found,
however , that the alumina particles would migrate into the control room and
adjacent laboratory space . The serious health hazard posed by the fine alumina
dust prevented use of’ this particle generator .

By far the safest seeding material is water , since the water droplets
eventually evaporate . Yanta et al (Ref. 58), for exan~le, used water droplets
to seed a supersonic flow . The most efficient method of generating water
droplets is the process of atomization. Liquid is d.rawn into the low pressure
region of a high speed jet flow, and the shear action of the flow breaks off
small droplets. The size and concentration of the particles is a function of
the jet velocity and the position and diameter of the liquid supply line.

To assure a large particle concentration, the jet must possess a
large injector effect . This can be achieved with a high speed jet, making it
necessary to find the best ccx~ romise between efficiency and minimal noise
generation . It was found that the nozzle of the atomizing jet could be very
sina.ll without affecting the particle concentration . The small jet diameter
assured that the a~canizer w ould radiate a negligible amount of noise; as is
suggested by the I.PD2 acoustic power law. The final design is illustrated in
Fig . 3.7. The atomizer consists of a miniature jet connected to a variable
high pressure air supply . The liquid supply line is terminated in a No. 19
stainless steel hypodermic tube and positioned. along the jet axis until optimum
seeding conditions have been reached .

The procedur e is one of trial and error . The air jet has a suffi-
ciently large injector effect to allow the particle generator to be self starting.
The seeding generator is placed in the upstream end of the model jet plenum .
In static tests the plume of the minu et spread to the walls of the plenum in
a distance of 30 cm. This is not expected to be much different when the model
jet is turned on.

The heavier dr oplets settle more quickly, strike the walls of the
plenum, and are collected in two drains . The atomizer fluid is stored in an
airtight glass jar outside the plenum. A pressure equalization line maximizes
the pressure drop between the reservoir and the miniature jet . Based on the
amount of water collected in the drains, it is estimated that the atomizer
has an efficiency of 70% . There is also some loss due to evaporation , reducing
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the efficiency . Nevertheless , data rates were f ound to be consistently above
20 KHz at all locations where velocity measurements used in the cross-
correlations were performed. The overall wa ter consumption was 3.31/hour .

3.2 Analog Squaring Module

3.2.1 Non-Ideal Behaviour of Analog Multipliers

An analog multiplier was used. to c~~~ute the signal proportional to
ux2(~ ,t). A typical analog multiplier in the squaring mode is descr ibed by
the equation :

2V
u2 ~~~ (Vu) + y (3.9)

where V~ is the input voltage and Vu2 the output voltage . The second term is
• often referred to as AC feed-through . The factor y is a function of frequency

and. signal amplitude .

Even high performance multipliers suffer from AC feed-through . In
many instances the non-ideal behaviour can be tolerated as a negligible error .
This does not apply to cross-correlation experiments . The input voltage Vu
is proportional to the velocity ux(~~,t ) ,  the constant of proportionality being
the sensitivity of the transducer system:

= ku u~(y, t) (3.10)

The cross-correlation function of Vu2 and the pressure signal V~ is:

V 2V~ ~~~ 
k k ~ U p  + ~ kukp ~~ (3.11)

and. the cross-spectra3 density function is:

= 
~~~ 

k k ~ ~u~2p~~ ”~7 k~k~w ~~~~~ (w) (3.12)

In order to assure a good estimate of q~~2~(w) , the leading term must d~~inate
at a.ll frequencies:

k ~u 2p~~
by  >> (3.13)

From theoretical considerations it can be shown that

~u 
2~(w)

X = 2U~~ ( ui) (3.11+)
uxp
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where ~ (w) is the ratio of the self and shear noise spectra . If the inequality

k U
2~~~y~~~(w) =i~y~

3
~
(w) >>,~ (3.15)

is not satisfied, then the est~imate of the cross-spectral density ~~~~ as well
as the cross-correlation R~~2p will be in error .

3.2.2 Squaring Circuit

As discussed above, analog multipliers are not ideal elements , but
• suffer from AC feed-through . After testing several other models, a Burr-Brown

1+206 multiplier was selected on the basis of good AC feed-through rejection .
In order to assure that the criterion stated in Eq. 3.15 is always sati sfied,
the performance of the multiplier has been improved. The AC feed-through can
be eliminated if a signal equal to -y ~/~t (Vu) is added to the output of the
multiplier . As y is a function of signal ampli tude, one can only hope for
limited success. The circuit diagram of the squaring module with AC feed-
through correction is shown in Fig. ~3 .8. The multiplier has least error , when
It is operated in a negative quadrant (V~ •Vy is always negative) . The basic
squarer is built up from a buffer amplifier Qj~ and a unity gain inverter Q2
connected. to the X and Y inputs of the 1+206 respectively. A differentiatOr
followed by a variable gain amplifier (

~~ 
to Q5) computes the error signal. to

be added to the output of the squarer . ~usming amplifier Q6 performs the
a&Iition. Switch Si allows the basic squarer to be adjusted independently of
the error ccmpensating network . A relative improvement of 10 dB is achieved
over a wide range of frequencies , when the system is properly triimned (Fig .
3.9) .

3.3 Acoustical System

3.3.1 .Anechoic Room

All measurements were performed in the anechoic room at the University
of Toronto Institute for Aerospace Studies. The anechoic room has dimensi ons
4 .2 x 2.9 x 2.1 m3 between the tips of the fibregiass wedges which have a wedge
depth of 20 cm. A .32 rm thick lead sheet provides extra transmission loss

• for external sound that may be transmitted through the concrete walls . The
cut-off frequency of the room (defined by deviation from the l/r law) is approxi-
niately 300 Hz. The background noise level is less than 28 dBA.

A fibreglass lined duct ( .75 x .75 m2 cross-sectional area) servet~ as
an exhaust for the model jet installed in the anechoi c room S All equipment is
wrapped in fibreglass , to eliminate excessive reflections . A detailed description
of the axiechoic room can be found in Ref . 59.

3.3.2 Model Air Jet

The model air jet used in the experiments is capable of’ producing
nozzle velocities from 10 rn/sec to 300 rn/sec. The nozzle has an exit diameter
of 1.91 cm (3/4 in) and the area ratio (the square of the ratio of the plenum
diameter most upstream of the nozzle and the orifice diameter) i~ 110. The
nozzle contour has been designed to provide slug flow at the orifice (Ref .
59). A 1 m long steel pipe acts as a plenum.

18



The model air jet is connected to a fibreglass-lined muffler in
the control room via a flexible air hose . The muffler isolates the j et from
an adjustable two stage pressure regulator. A c~~~ressor supplies 70 to
100 psi air to the system. The ccrn~ressed air is passed through a water trap
and, regulated down to 60 psi by the fir st regulator stage . The second stage
is a Fisher Type 99 Regulator with feedback stabilization . Cross-correlations
of the valve noise of the regu lators and the jet noise indicate that the muffler
and the flexible air line provide complete acoustic isolation from valve noise .

The static pressure upstream of the nozzle is monitored by a mercury
man~~~ter. A].]. cross-correl ation experiments were performed at a static head
of 50 nmi Hg, corre spondi ng to a jet velocity of 105 rn /sec.

3.3.3 ~~.crophone System

A Bruel & Icjaer 1/2” condenser microphone served as the pressure
transducer . The 1/2” microphone type 4331+ is the best cc~~romise between
sensitivity (12.5 mV/Pa) and frequency response (4 Hz to 40 KHz) . The micro-
phone is coupled to a Bruel & Kj aer 2619 FR~ preamplifier driven by a Bruel &
Kj aer 2801 microphone power supply via a special low capacitance 10 m extension
cable . A 2.5 m long balanced aluminum T beam supportc the microphone and
preamplifier assembly. The microphone boom can be rotated about its vertical
axis which is aligned with the jet centre line and. the nozzle exit plane . The
microphone is located in the horizontal plane of the jet at a distance of 1.60 m
from the jet nozzle and. at an angle of 1+00 to the jet axis, when cross-correlation
experiment s are performed . The average time delay between the time of emission
of the signs]. in the jet flow- and reception at the microphone is 4.5 maec .

Careful attention has been paid to eliminate ground loops caused by
possible electricaj .. contact of the microphone system with its mets.]. supports.
A Keitbley Model 102 B decade isolation amplifier boosts the low level micro-
phone signal by a. factor of 80. The 1/2” microphone limits the overall
f requency response to be 4 Hz to 40 IJiz.

3.1+ Hot Wire Anemometer

A Thermosystems TSI 1034 A linearized. anemometer was used to measure
the turbulence and the mean flow characteristics of the model air jet .  These
measurements served as reference data. The anemometer has a frequency response
from DC to 16 ~ {z , measured by the sine wave method (Ref . 60) . All measur~~~nts
were performed with hot film probes type 1210 AG - 10 featuri ng a .02513 ~mn
sensor diameter and a 1.27 u~ sensor length. These particular pxobes have been
developed by Lee (Ref. 61) and reduce the pr ~~e flow interference f ound in
conventional short stem hot film probes .

The water trap of the air supply to the model jet does not remove
very gi~~fl oil dr oplets that are picked up by the air in the compressor stage .
The part icle concentration is not signifi cant ; however , when a hot film probe
is exposed to the jet flow for an extended period of time, it is covered by
a baked- on oil film. After use , the sensors were cleane d with a fine br ush
dipped. in Varsol; the solvent combined with a gentle brushing acti on removed
the oil film. The hot film probes are surprisingly rugged and can stand ~~to repeated vigorous cleansing .
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3.5 Signal Processing Instrumentation

Two principal c mputation instruments were used during the inves-
tigation: a Princeton Applied Research 101 Correlation Function Computer and
a Spectral Dynamics DSP 360 signal processor .

3.5.1 PAR 101 Correlation Function C~~~uter

The PAR 101 is a hybrid (part analog, part digital) instrument that
cm~ utes a running time average of 100 lag products . The result is an estimate
of the correlation function at 100 equally spaced point s in the time span

= T0 to T = T0 + T. The precomputation delay T0 can be varied in integral
steps of T , the delay range . The integration time of the RC averagers is
adjustable. In order to be able to measure correlations as low as .005, it
is necessary to use a 1300 sec integration time and wait for a.t least 4 time
constants bef~,re sampling the output. The inherent noise floor of the instru-
ment makes it impossible to detect correlations with correlation coefficients
less than .002.

3.5.2 Spectral Dynamics Digital Signal Processor 360 (DSP 360)

The DSP 360 is a two channel fast Fourier transform computer capable
of performing cross-spectral density and cross-correlation function estimates .
This particular instr~ment became available in the later stages of the investi-
gation . All Laser Doppler Velocimeter based measurements were analyzed with
the DSP 360.

The fast Fourier transform c~ sputer estimates the cross-spectral
density directly (Appendix C) ,  resulting in a significant decrease of compu-
tation time, when compared to the method employed by Lee (Ref . 61) . Memory
limitations restrict the number of averages that can be performed on the
output data to 4096, equivalent to a 100 sec aver aging time , when a 0 to 12
I~iz analysis range is selected.

Despite the averaging, the cross-spectral density functions were
not free from noise . It was found that the cross-spectral density estimates
could be analyzed with least error , when they were displayed in an ain~litude-
phase angle format. Such a display allows direct multiplication by f~, if
the function is plotted against logarithmic frequency .

For computational reasons , the analyzer uses only half the amount
of data, when estimates of’ correlations are being computed. The decrease is
effective averaging time brings about a poorer signal to noise ratio for the
cross-correlation functions .

3.5.3 Ancillary Instrumentation

In order to be able to normalize the correlati on functions, the
R~~ voltages of the input signaLs must be known . The input voltages to the
correlation ccs~ uters were measured with two Bruel & Kjaer 2417 Random Noise
Voltmeters , each with a 100 sec integration time . The R1’~ voltages also
served as a check on possible drift in the measuring instrumentation. The
computed correlation s and spectra were drawn by a Mosely 21)14 X-Y recorder .
The hard-copy output data formed the basis for further data analysis.
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4.  ~ II’ISNrAL C0NSTh~PATI0NS MU) CR0SS-CH~X~KS

Before attempting to measure the cross-correlations and cros s-
spectra.]. densities, it is necessary to account for mechani sms, othe r than
described by the theory, that are capable of affecting the cross-correla tions/
spectra. Some of these can be minimized., others , hopefully, are not signifi-
cant . The main sour ces of error that are likely to occur during the
estimation of the functi ons Ru~pLx,y, T), Rux2p(x ,y,T), ~~~~~~~~~~ and

are:

(1) distortion of signals by the transducers and. amplifi ers,

(ii) distortion of’ sound waves by pr opagation through a turbulent
shear flow,

( iii) spurious sound generated by the seeded flow .

4.i The Effect of Transducers and Amplifiers

The computation of the cross-correlation functions and the cross-
spectral densities is performed with electric al signals (voltages) that are
near replicates of the physical quantities they represent. Ideally a trans-
ducer should convert a physical property of a medium into an electri cal signs].
for all possible states of the particular property being measured. This
requirement dictates that the tran sducer have a flat response over all frequen-
cies , an infinite dynamic range , and be free of noise .

A practical compromise is to use transducers that have a smooth
frequency response at least one decade beyond the lowest and highest frequencies
of interest to the experimenter. The transducers must be operated well within
their dynamic range , in order to minimize electrical noise and signal. clipping.
Similar considerations apply to amplifiers .

The action of a transducer is analogous to passing the signal to be
measured through an electrical network. For a linear transducer, the electrical
network is made up of passive components such as resistors, capacitors, and
inductors; all amplifiers are assumed to be ideal . The output of such a
transducer is given by:

g(t) ~f
h(a) f’(t - a) ~~ (1+.i)

where f(t)  is the physical quantity being measured, and h(t) is the impulse
response of’ the equivalent electrical network of’ the transducer (Ref . 62) . For
an ideal transducer h(t) = A §(t) .

The cross-correlation of the output signals of two dissimilar trans-• d.ucers measuring f1(t ) and f 2(t) respectively is:

g1(t)  g2(t - TJ =f h~(a) r1(t - a) h~(~ ) r~(t - T - c~ d~

=f h~(cz) h~(~ ) f1(t) f~(t - - + d) c~ ’ ( 14 .2)

21

_ _ _ _ _ _ _  
—- ---~~~~--~~



The corre lation functio n of the pro cess f1(t) f2(t - T) is distor ted by theacti on of a double convolution . The degree of distortion depends on thenature of 111(t) and h2(t) .

The cross-spectr al density on the other hand takes the form:

cg1g2 (w) =f~j t)  g2(t - T) e~~’ dr

=fh,~(a)h~~~) f1(t) f’2~~ - - ~ +~~~ ~~~~~~~~~ ~~~~~~~~~~~~~

= /
l(i~

)iv2(w) C~ff (f~) <4.3)

The cross-spectral density q~ f2(w) of the process is modified by the productof two tr ansfer function s whi~!h are the Fourier transforms of the respectivetransducer responses . A good transducer will be ‘fl at’ aver s~~~ bandwidthof B Hz , and the amplitude of the measured cross-spectrum , i.e. I~~1g2 (w) I,
will be a good estimate of 1cpr1f2 (w) over the frequen cy range where ~j~~~~ (w)
is nearly constant .

The effect of severely mismatched and slightly mismatched transducersis illustrated in Figs . 4.i and 4.2. The case of severe transduce r mismatch is
modelled by a ‘C’ weighting network and a 1/3 octave filter centred at 1.6 laiz .The signals to be measured are generated by a c~~~~n random noise source . Thecross-corr elation of the process has two intere sting pr opertie s: the correla-tion function ‘rings ’ at the fi.] ter cent re frequency, and the envelope of themeasured correlat ion peaks near .3 msec time delay; the cross-corr elation thatwould be measure d if the tran sducers were idea]. is sy~~~tri c and has a maximumat zero time delay. Even a slightly mismatched transducer pair, as representedby ‘C’ and ‘B’ filter s will cause s~~~ distortion of the correlation function(Fig . 4.2) .

The cross-spectral density estimates can be interpreted much morereadily, since the frequency response of the transducers simply multiply thecross-spectral density to be measured . It is more difficult to account forthe effect of the double convolution . For this reason it is preferable toanalyze data in the frequency domain. An added benefit is that n fold differen-tiation with respect to time is equivalent to multiplication by (-i~)fl in thefrequency domain.

When the signals to be analyzed are broadband in nature , the range oftime delay for which the corre lation is significantly greater than zero is ofthe order of 1/B , where B is the signal. bandwidth. For ~~afl corre lation
coefficients the important details of the correlation functions will be buriedin instrument noise , resulting in a poor estimate. The cross-spectral densityfunction ‘f the sa a proces s is not iimnune from noise , but the estimate of thecross-spectr al dens.~~ r is much less sensitive to noise , since it extends avera wide rang e of B Hz.
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4.2 The Effect of Sound-Flow Interaction

The sound generated by the turbulent flow must travel through
turbulence as well as a mean velocity gradient before reaching still air.
The mean velocity gradient refracts the sound away - from the jet axis (Ref .
13) . If the field position of the observer is more than 140° from the jet
axis , then the effect of refraction is minimal. Scattering of sound by
turbulent flow is always present . As a result of the interaction with
turbulence, the sound wave emitted by a source in the jet flow will suffer
a Doppler shift . The shift is random because of the randomness of the tur-
bulence in space and time. The overall effect will be a spectral broadening .
The analysis of the scattering problem is rather cm~lex (Ref s. 63, 64 , 65),
and it is more expedient to perform a controlled. experiment that allows one
to assess whether or not refraction and turbulent scattering are significant
sources of error in the estimation of the cross-correlation and cross- spectral

• density functions .

The experimental arrangement of the test is similar to the one
employed by Atvar s at al (Ref . 13) in the study of refraction of sound by a
jet flow (Fig . 14.3) . An omnidirectional point source was placed in the jet
flow field and driven by a pure tone signal. The sound received by a micro-
phone in the far-field was then compared to the input signal . The relative
amplitude and phase of the input and received signals were measured for
several jet velocities (67, 94, 132 m/sec), source positions (y1/D = 2, 6;
r/R = 1) and microphone positions (-20° to 900). The microphone signal was
filtered by two narrow band frequency analyzers that were trinmed to zero phase
error at the signal frequency. A PAR 129 lock-in amplifier served as a phase
detector and. R1v~3 meter. The bandwidth of the detection system was measured to
be .1 Hz.

The R~~ output voltage of the lock-in amplifier is a measure of the
peak ampli tude of the correlation between the signs]. emitted by the point
source and the sound. received by the observer . The narrow bandwidth of the
detection system effectively eliminates any uncorrelated noise signals .
Changes in the RMS output can be caused by a combination of an altered
d.irectivity pattern (refraction) and spectral line broadening (turbulent
scattering) . It can be argued that the amount of turbulent scattering is
governed by the ratio of the mean turbulence scale and the wavelength of the
incident sound. The ratio is proportional to D/?~; D is the jet diameter .
Values of’ D/?~. at the three test frequencies (.069 at 1250 Hz; .139 at 2500 Hz;
.278 at 5000 Hz) suggest that the high frequency sound will be subject to more
intense turbulent scattering. Refraction will result in a redistribution of
acoustic energy in space , but the frequencies will be preserved.

The propagation of sound through the turbulent shear flow may also
be accompanied by a change in the travel time of’ the signal which is equivalent
to a change in the relative phase of the signals . The phase measurements are
very sensitive to small temperature fluctuations T = T~~ + i~L~ and frequency
driftf ’— f0 +A f:

( 14. 14)
o amb
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The referenc e test case (no flow) was repeated. after each parameter change
to minimize the error in the phase measure ments. Frequency drift was held
to .1 Hz/miri by the use of a stable oscillator .

The measurements are relatively insensitive to changes in the
position of the source (this was also found by Atvars et al) . The change in
arrival time is governed by the microphone position , jet speed , and source
frequency (Fig. 4. 14) . At 1400 to the jet axis, the change in arrival time is
less than .02 msec. Such a shift in time delay cannot be detected if the basic
delay in~

’crement of the corre lator is .08 msec , as is the case when the cross-
correlation functions Ruxp(X,y,T) and Ru~2p(~45T) are being measured.

Amplitude changes are also functions of microphone position, jet
velocity, and source frequency (Fig . 14.5) . As expected from the early
refracti on experiments and the scaling outlined above, the low frequency
ccs~ onents (1250 Hz) exhibit little, if any, measurable change in amplitude .
?4id.-freque noies (2500 Hz) appear to be refracted at ~m~i1 angles to the jet
axis, with signal recovery at larger angles . The increase in the R}~ level
is small, as the refracted energy is spread over a much greater area. High
freq uencies (5000 Hz) suffer the large st amplitude changes . There is no
complete recovery, even at 90° to the jet axis. Apparently the turbulent
scatteri ng has broadened the spectrum. of the pur e tone to such an extent
that it contai ns significant energy outside the effective narrow band filter
made t~~ of the two ganged filters and the lock-in amplifier.

Even though the line broadening is significant for the high
frequencies, it cannot be detected by the fast Fourier transform analyzer
which is operated at a frequency spacing of 24 Hz, when cross-spectral densities
or cross-correlations are computed. The effecttve frequency spacing of the PAR
correlator is of similar magnitude. The results suggest that the sound pr opa-
gation through the turbulent jet flow will not affect the estimates of the
cross-correlations and cross-spectra for the frequency range of interest.

4.3 Jet Flow Field

A series of’ measurements was perfonaed with the hot wire anemometer
to determin e the character of the jet flow, and. to identify any possible
discrepancies from typical jet flow behaviour. The parameters of interest
are the mean flow distribution , the turbulent flow distribution, and the

-

~ 
S turbulence spectrum . Figure 14.6 illustrates the mean velocity profiles

Uj (~~ ,r )/U1 and the turbulence intensity profiles s/~j2~y1,x) /u~ as a function
of’ di. stanc’è y,.~ from the jet nozzle . The potential core of the jet extends to
four diameter s downstream of the nozzle , and the mean velocity profiles in
the transition region e xhibit the 

- 
typical Gaussian shape (Ref. 66) .

In the mixing and transition regions the radial profiles of turbulence
intensity peck near the r/R = 1 position . The high turbulence levels gradually
diffuse from a narrow ridge centred about rfR = 1 and ‘fill in ’ the region of’
low turbulence near the jet axis, as is shown by contours of equal turbulence
intensity (Fig . 14 . 7) .

A typical turbulence spectr um (Fig . 14 .8) is flat to some critical
frequency 1( y~. , r) and then decays at a rate of about 6 dB/octave . No measure-
ments were performed for axia l positions greater than yi/D~’7. The jet flow
was found to exhibit the characteristic features of a ‘typical ’ jet (Ref. 67) .
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14.4 Jet Noise

Nossier and Ribner (Ref . 37) have devised, a method which allows
one to extract the self’ and shear noise spectra , as defined in the Ribner
theory, directly from far field jet noise spectra. The procedure relies on
the different directivity patterns and spectral contributions of the self and
shear noise. -

Consider the simplified. self and shear noise model with mean square
shear noise sound pressure proportional to:

a -r~—i~f 
U~

(y1)U
~

(y2) 
~~~~~~~~ 

u
~
(y1,t)u~

(y2,t_ ’r) 
~.r_ c _1

(y _y 
~ 
.
~~~ 

~ ~-1 
( 14.5)

• The two point velocity correlation differs from zero only in a correlation
voltme Li . The shear noise will scale as:

2 1 2 2 1 4 3a 
~~~~~~~ 

u 
~SH L (4 .6)

where f~~ is a characteristic shear noise frequency. U~
2 may be approximated

as U12 cos2e.

Similarly the mean square self noise

p~~(~c) a-~~.fi~ ux
2(yl,t)ux

2
~~2,t_ T

)h~
i

~~

’2 
c ,

2 [~ fl~ 
(4~7)

scales as

a ( ) 2 f~~, L3 v,~~ ( 14.8)

A spectral 3omponent e~~t of the shear noise will upon squaring
become e2~~t . Hence as a first approximation: f’si’ = 2f’SH; for a random
process the frequency shift depends on the statistics of the process and may• not be equal to 2.

The shear noise, therefore , is expected to exhibit a dipole-like
( cos2e) directiv ity and dominant frequency f~~, and the self noise should be
ceinidirectional with dominant frequency 2f~~ . At 90° to the jet axis, there
is no shear noise contrib ution , allowing one to estimat e the self noise .

A more rigorous analysis due to Ribner (Ref . 10) is based on a two
point correlation model with postulated statistics arid accounts for source -

motion. The central results of his analysis are:
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~p~(CS) = { ~~~~(cs) + ~~ (cs) cos2e~l + cos e) } c~
14 (4.9)

C = convection factor ~(l - McCoS ) 2 
+ a2M 2]l/2

S = Strouha3. nuther fD/U~~
ç = power spectral density

The overall. jet noise spectrum measured at an angle e to the jet axis (outside
the zone of refraction) is the sum of a self prid shear noise spectrum. ‘The
effect of convection is a downstream bias (C’~) and a Doppler shift (Cs). 

S

Furthermore, the model predicts that the self and shear noise spectra are
similar but with the self noise shifted by one octave

= 
~ 

(14.10)

The amplitude factor ~ is predicted to be 2.

If the self and shear noise theory is not a valid description of the
jet noise , then any atte mpt to cast the jet noise spectra int o the form of
Eq. 14.9 would result in a non-unique shear noise spectrum. Nossier and Ribner
(Ref. 37) have tested the self and shear noise model against experimental jet
noise data and have found that the shear noise spectrum is unique arid conforms
to the notion of Eq. 14.io, namely that the self’ and shear noise spectra match
and exhibit nearly an oct ave shift . These results support the maj or predictions
of’ the theory and lend credibility to the existence of shear noise.

The basic self noise spectrum can be estimated from jet noise measure-
ments at 90° to the jet a~cis. At angles other than 900 , the self noise is
changed by convection ~C~~q( Cs)] in a predictable manner. Thus the shear noise
spectrum can be extrac ted by an algorithm formulated by Nossier and Ribner (Ref.
37):

~~~~(cs) = c~~0 q~~~~(cs)

(14.u)

~~AR(cs) = 
cos2e( i. + cos2e) 

{ C8
14 CPp (CS) - C~~ 0 ~~~~0(cs)}

Figure 14.9 shows plots of for three different far-field micro-
phone posi ti ons at a constant jet velocity of 105 rn /sec. The spectral peak
moves toward the lower frequencies for decreasing angles with the jet axis
(reverse Doppler shift). The measurement at e 90° contains some error , as
the microphone was just 15 om away from the nearest fibreglass wedge , bringing
about some low frequency enhancement. The over-estimation of the low frequency
components of’ the self noise leads to a reduced shear noise estimate.
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The self and. shear noise spectra, calculated on the basis of Eq.
4.11, are plotted in Fig . ~3 10. The ratio of the peak spectral ampli tudes
of the self and shear noise is 1.71, and the ratio of the peak frequencies
is 1.36 . Nossier and Ribner (Ref. 37) have found that a large body of jet
noise data exhibits a one octave shift between the self and shear noise spectral
peaks . A 7% increase in the peak amplitude of’ the shear noise , for example ,
would shift the spectra]. peaks sufficiently far apart , and the peak frequency
ratio would be closer to 2. Even without these hypothetical corrections, the
estimates compare with spectra computed by Nossier (Ref. 68) , fr om published
j et noise spectra of’ a 1.52 ” diameter jet at jet velocity of 122 m/sec (Fig.
4 .1.1) . The self and shear noise spectra extracted from far-field measurements
serve as reference data for the self and shear noise estimates to be computed
from the cross-spectral densities Cpi~ p(x ,~ ,w) and. ~p,~ 2p(x ,y, W ) .

4.5 Laser Doppler Velocimeter Performance Checks

The operating characteristics of the Laser Doppler Velocimeter (LDV)
are described below. The overall performance of’ the LDV is good, and. an
accurate description of the fluid motion can be obtained, subject to the
limitations inherent in the measuring technique.

4.5.1 Beam Intersection

After the initial alignment of the optics was ccaupleted., the beam S

intersection was double-checked. It is difficult to detect small alignment 
S

errors , as the beam diameter is about 1 usa. When a test objective is placed
at the beam intersection , it is possible to view a magnified image of the probe
volume on an opaque screen (Fig . 4.12) . The position of the intersecting beams
is adjusted until the cross-section of’ the fringe pattern becomes circular.
Under these conditions the test section is an ellipse of’ revolution with maj or
axis 10 nsa and minor axis 1 nsa . Compared to the sensing elements of’ the hot
film probes used to survey the jet flow (Sec. 14.3), the measuring volume
has increased by a factor of 300. The upper velocity limit of the LDV system
in the present configuration is 150 m/sec, well above the jet exi t velocity
of 105 rn/sec.

4.5.2 Measurement of Jet Velocity

The LDV probe volume was located at y]./D = 2 inside the potential
core of the j et , and the output voltage of the processor was measured as a
function of the orientation at’ the probe volume with respect to the jet axis.
The normalized velocity U( e)/u(0) is described by the function cos8. There
is good agreement between the measurements and the hypothesis (Fig . 4.13) .
For angles greater than 60° data validation Is affected by the small nuither
of particles that cross at least eight fringes in the probe volume . Eventually
an orientation is reached (dead angle) for which no particle crosses eight
fringes, preventing the processor from cc~~ixting a velocity estimate.

The spatial resolution of the LDV is determined by the extent of the
probe volume . If there is a significant change in the mean flow velocity in
the span of the probe volume, then the DC output voltage will be the average
mean velocity in the probe volume. [The determination of the mean velocity
in the presence of a shear flow across the probe volume is controversial
(Ref s. 69, 70) ; however , if the shear is small, then there cannot be a large
error no matter which method of’ mean flow estimation is used.]
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A more serious problem is the creation of a spurious turbulent
velocity ccmponent . This phenomenon , caused by the saix~ ling of’ single particle
velocities , is not found in hot wire anemometers, where the heat transfer rate
is automatically averaged by the sensor. In a turbulent shear flow the experi-
menter camiot identify whether the fluctuating signal is caused by an apparent
turbulent velocity or a real one. The ambiguity is of no signifi cance in cross-
correlation experiments, as the two velocities are real physi cal quantities. Any
small, shift of the measuring point within the prob e volume cannot be detected .

The presence of an apparent turbulent velocity due to mean shear will
increase the turbulence intensities and broaden the region of’ peak turbulence
intensity that is found near r/R = 1 (Fig . 14.1 14). The LDV based mean veloci ty
profile~ agree with the profiles measured with the hot wire anemometer (Fig .
4 .15) . The difference in the turbulence inten sity profile can be explained by
the presence of mean shear .

4.5.3 Effect of the LDV Processor on the Turbulent Velocity Spectrum

The DISA 55L90 processor computes the speed of a single particle
and stores the value in the output memory, until a new valid. speed has been
measured. The output of the processor resembles a staircase with random step
height and step length (Fig . 14.16) . The sampling theorem (Ref . 71) states that
no information is lost if the digitization rate (here the data rate) is at
least two times the highest frequency of’ interest. The upper frequency limit
was chosen to be 10 KHz , in order to allow for data rate fluctuations near the
boundary of’ the jet flow. The peak frequency radiated by the jet is about 2 KHz ,
at least 2 octaves below the upper frequency limit . The average data rate
observed during the cross-correlation/cross-spectral density measurements was
greater than 20 IQtz , the Nyquist f’requen cy for a 10 KHz spectra]. analysis range.
When the data rate is artificially decreased (by attenuation of the output of
the photomultiplier) , the high frequency estimate of the turbulence spectrum
is reduced (Fig . 1~ .17) . For the case of high data rates (In excess of 20 KHz) ,
the power spectral estimates compare with the ones computed from hot wire
anemometer measurements (Fig . 14 .18) . The effect of the data rate on a single
frequency component is analyzed in Appendix E.

The previous tests support the assertion of Cliff et a]. (Ref. 72) ,
namely that LDV and hot wire anemometer measurements are compatible.

4.5 . 14 Mass Addition Due to Seeding of the Flow

In order to assure data rates that are consistently greater than
20 KHZ , water droplets must be added to the jet flow at a rate of .614 gin/sec.
The mass of the seeding particles increases the fluid density. As the droplet s S

have virtually no kinetic energy when they are injected into the plenum, the
jet velocity must decrease . The droplets may also effect the turbulence
structure and can attenuate high frequency sound (Ref . 73). Based on the
increase in mass , one predicts a 6% change in flow velocity and a 2 ~~ change
in the radiated sound pressure level ; the latter is confirmed by measurement .
The power spectral density of the jet noise should exhibit a 6% shift toward
the 1.0w frequencies (as a result of Strouhal scaling fD/Uj ),  and a decrease
in spectrum level , which should be uniform, if the absorphon due to water
vapour and droplets is negligible .
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There is a very slight excess loss for frequencies greater than
6.3 IWz (Fig . 4.19) . Thçre may still be local changes in the turbulence
structure of the jet flow . Any signifi cant change in the turbulence should
alter the near field pressure signature and the near-field far-field pressure
cross-correlations . There is no measurable change in the normalized cross-
correlation coefficients for the seeded. and unseeded jet flow (Fig. 4.20) .
The only effect of any consequeiice is the velocity defect that is caused by
the mass addition.

5. ~~~~~~~~~~ PR0C~~tJRE

5.1 Field Points

Even though the contributions to the jet noise from a unit volume
of jet may change with position in the jet , the source pattern retains a tap-
bottom s~iumietry. This property allows one to survey only field points that
are located in the upper two quadrants of a slice of jet , wi thout losing any
information about the remainder of’.the slice . The field points were located
on semicircles of radius R centred at y1/D = n , n = (3,  7). The jet nozzle
interfered with the Laser Doppler Velocimeter optics for n <3. The coordinates
of the field points were chosen to be (y~,/D , r/R, 

~~ ) = (n, 1, mT/4); m = (o , 4) .
A more comprehensive survey was performed at Yi/]) = 3 and 6, permitting a
better estimate of the contribution to the far fi eld pressure from a typical
slice of jet in the mixing and transition regions of the jet (Fig . 5.1) .

The sound pressure was measured at a single position 160 cia from
the jet nozzle and at an angle of 14o° to the jet axis. The location offers
the best ccin~romise between the detectability of’ the shear noise contribution
( co828 + cos4e) and. errors due to refraction of sound by the jet flow.

5.2 Signal Handling

The signal processing schematic shown in Fig . 5.2 traces the paths
of the output voltages of the LDV and microphone systems . The output of the
Laser Doppler processor is split into three components. The DC voltage
Vux . (Us) is measured by a calibrated digital multimeter. The turbulence
signal , available at the output of an AC coupled amplifier with a voltage
gain of’ 8, or a voltage proportional to the square of the instantaneous tur-
bulent velocity, reaches the input of the fast Fourier transform (PFT )
analyzer via a unity gain wide band filter (20 Hz to 1+0 lcHz) . The microphone
signal is passed through a similar wide band filter, but with a voltage gain
of 100. The cross-correlations and the cross-spectral densities are computed
by the DSP 360 ~F1’ analyzer. The input voltages to the analyzer are measured
by two RM3 voltmeters . The velocity and sound signals are passed through
nearly identical networks, thereby minimizing any spectra.]. distortion due to
mismatched frequency response. The voltages that represent the various
physical quantities to be analyzed are defined, by:

V~~ = k~ u~
(y) V~ = 8000k

v 
p(x ,t)

= 8k~ u~(y, t) k~ 
= .01+0 V/Wsec (5.1)

2= ~~~ k~ u~ (y, t) k~ = .0125 V/N/rn
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5.3 Correlation Measurements

The majority of the cross-correlation functions were computed. over
the de].ay range -12.5 to 12.5 msec. It was possible to identify the maj or
maxima of the cross-correlations , when several realizations ( typically 5)
were plotted on a conmion hard copy output . The temporal resolution of the
cross-correlation functions could be improved by the use of a shorter delay
range and suitable precomputation delay . It was found , however , that the
decrease in averaging time brought about unacceptably large noise signals
that add to the low ampli tude cross-correlations. The PAR 101 correlator
which possesses an integration time independent of the delay range could not
improve the poor resolution .

~ .4 Cross-Spectral Density Measurements 
5

The cross-spectral density estimates were affected by similar
signal. to noise problems. The errors were minimized by displaying the
computed spectra in an amplitude phase [log Iq) (~,) ~; ~ )

O
, ~ = tan~~(Imcp/Recp)]format . The logarithm . ‘ compressed’ the noise that added to the signal and

allowed a reasonable estimate of the amplitude of’ the cross- spectral density.
In addition , the logarithmic format enhanced the dynamic range of’ the output
memory of’ the F7~ analyzer which is limited to 12 bit words. S

The analysis below shows that the phase information is not needed
in the estimate of the far fi eld power spectrum, if the two point cross-
correlations that are proportional to the -source strengths are sysmetric.
Consider the auto-correlation of’ the far-field shear noise:

- 2 —  —~

R (~~,T) 

~f 
~~~~ u (y,t) p(x,t - T + c ’

~i~x - y I )  dy (5 .2)pp 
~~~~~~~ x- 1  -, 0 -,

v UT

The power spectrum is the Fourier transform of the auto-correlation:

cpa, (x ,w) 

~f[ ~
_
~ 

RuxP(Y
~

X
~

T - c~’I~, - ~I) eu” 
~~ di

SHEAR

i~c
1 x-y

= p (x,y,w) e ~ 
~
‘
~
‘ dy (5.3)-,

where cp.~~~(x ,y,w) is defined by

WTp (x ,y, w) = f u  (y, t) p(x ,t - r) e
i dT (5 .4)u~

p - 7 _t x-,

but u~
(y, t) p(x ,t - 

~-) has a maximum at T = -C
~~~ j~~ 

- y ( .  The function

30

- 
--



_ _ _ _ _ _ _  _________

f(x ,y, T + c~~~(x - i i)  = u (y, t) p(x ,t - (5 .5)
-~~

-ii Iis assumed to be syiimietric about T = -c jx - yj ,  ando

= f(x,y,’r + c~~ j~, - 
~~~

() ~~~~ dr (5 .6)

-iwc ~x-y~
= f’(x ,y,T) e~

(4T dT e ~ -‘ (5.7)

-iLt 00 Lx_.~I
= ~7 ( x ,y, w) e (5.8)

-V

~~ x ,y,w) is wholly real, since f(x,y,T) is synmetric about T = 0.
Thus: ‘

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- ~2 

{3(x~~~w) e 0 ~~ e~~~
0 Lx-~ I

= _ f w
2
~~ (x ,~ ,w) 4i~’ (~~9)

The F?1’ analyzer measures an approximation to ~~~~~~~~~~~~~ ‘where ,
theoretically, ~ = -wc0”l J~~ 

- .
~~~ 

J . The output format thus allows implementation
of’ Eq. 5.9. A similar analysis may be performed for the case of the self noise.

The measured cross-spectra]. densities were processed by tracing a
smooth best fit curve on a translucent pa’er, placed over the hard. copy drawn
by the X-Y plotter . After applying the fd correcti on to convert
Pu~2p(~~,Y~W) ) to ~~~~~~~~ Pu~2p(~~,Y, W)],  the cross-spectral densities
were multiplied by V~j~ and 1 .25V respectively and plotted in a double logarith-
mic format . The amplitude scale is referenced to an arbitrary level , co on to
all spectral measurements.

The volume integral that sums the cont ribution of all field points
to the power spectral density of the far-field pressure (Eq . 2.19) can be
rearranged to be more compatible with the measured. data:

= (8000 k~Y
2 

~~~~~(x~f) (5.10)

2~~
~~~. (x ,f ) =  ° ° (8000k)v V - ~ 2 pp p  14~~o 1

~~
’8

~u

[2V Ux~~v~~v~ J 

:1 

1~
} (5.11)
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where A( y1/D) is the area of a slice of jet of’ thickness d y,_/D and Is the
area of the jet at y1/D = 3. If’ the cross-spectral densities are of the form

cp(x ,y, f) = cp( x ,y ,f)  d(y ,y ) (5.12)_
V-, -p 3

then S

= Kf ~~~ ~~~~~~~~~~ i f 2VU~(Y)dl(Y) ? d~
+ Kf! V 2 V ~~~

,
~ ’

f’
~ if l.25V d2(~) ~~ (5.13)

where is chosen to be (y1/D , r/R = 1, ~ = o).  The integrals over A(y1/D)
cceipixbe the contribution of a thin slice of jet to the total power spectral
densities. In particular:

Di (
~~~i)  =f 2V

~~
(y) ~~~~(~~~) ~~~~

A( y1/D) (s.i14)

1.25V d2(y)~~~
- A(y1/D)

were estimated from detailed measurements at y1/D = 3 and 6. Values of D1
and. D2 at other ~tations were obtained. by interpolation or extrapolation . The

- yj integration along the jet axis is replaced by a summation with step size
= 1; thus:

~yp f 2 8OC0 k~~
~~ 

(x , f)~~~ ° °  _ _ _ _

Co jx~ 8 k ~

7

~~ J 
{
~ 

I(Pv~u Vp
(
~~.~n f) J D1(n) + !. 

~~~~~~~~~~~ ~ I D2(n)} 
(5.15) 5

The above formalism is ccmpatible with Eq. 2.21 and was used to sum the contri-
bution of the field points in the jet to the power spectral density of Vi,, which
is directly proportional to cp~~~(x,w).

The strongest aliases in the spectra of UX and UX2 are expected to be
in the range of 10 KHz and. beyond (based on a 20 KHz data rate , see Appendix E) ;
therefore, the analysis range was chosen to span 0 to 10 KHz .
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6. RESULTS MI) DISCUSSION

6.1 Cross-Correlations

The cross-corre1atia~is u~(y, t) p(~,,t-,- ) and ux2(~,t) p(x , t -T) are
expected to peak near c~~ [~-~ 

and d~cay rapidly with increasing ~r (AppendixA).  Measured correlations are largely obscured by noise , and only the peak
values can be determined with any degree of accuracy. The measurements are
repeatable, as is shown by Figs . 6.1 and 6.2. Each plot is a superposition of
4o realizations of the ‘shear’ and ‘self’ noise correlations respectively. The
increase of the noise at the extreme values of time delay is an artifact of the
built-in amplitude correction of the DSP 360 analyzer .

The self noise correlations Ru,..2p(~ ,y, T) are similar in their temporal
behaviour over a cross-section of jet , aM vai~ only in magnitude as the field
point location is changed. The shear noise correlations Ru,~~(.~ ,y, T) possess a
marked dependence on the position of the source point (Fig . ‘6.3)7 the behaviour
illustrated in Fig. 6.3 is typical for all field points. Cross-correlations
measured with the PAR 101 correlation function con~ uter, which evaluates the
cross-correlation directly, exhibited the same features.

The self noise correlations peak at the expected time delay of’
c~~ ~~ ~~‘ 

whereas the shear noise correlations have peak amplitudes at about
.2 msec earlier (Fig. 6.1+) .  The shear noise signal is apparently emitted by
the correlation volume prior to the velocity measurement at the source point.
Even though the shear noise correlation is influenced by the behaviour of the
mean flow distribution (~~pendix A),  no model has been found that can account
satisfactorily for the observed phenomena.

Shear noise correlations measured with a hot wire anemometer (Fig.
6.5) do not behave in a similar manner in that they do peak at the expected
time delay of c~

1 lx-.~ I . This result is compatible wi th the notion of probe-
flow interaction which appears to dominate the genuine flow noise generated
by the correlation volume that surrounds the probe (~ppend.ix B).

The self and shear noise correlations are strongest along the line
r/R = 1, ~ = 0. The peak cross-correlation coefficients

Ru 2~
(
~ ’.~’

T)

- ____ ________  (6.1)
/ 2  ~~ I~~~ - 2  2

‘V u (y) p (4 •

~~~ 
(u i ~ 

(,~)
are the order of’ .001+ (Fig. 6.6) . The poor resolution of the cross-correlation
functions prevented any further data processing.

6.2 Contribution to the Jet 1~oise from a Unit Volume of Jet

A set of measured cross-spectral densities ~~~ ~~~~~~~~ 
and.

is shown in Figs 6.7 and 6.8. The lower trace of each plot
is the amplitude of the cross-spectral density displayed in a iogj pj format .
The upper trace represents the phase angle in degrees (-l80 to löO ) .
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Even though both the amplitude and the phase of the measured spectra
suffer from similar sources of error (mainly due to finite averaging times),
one can estimate the smooth amplitude of’ the cross-spectral density with some
confidence. Repeated measurements show that the error signals are random.
The linear display of’ the phase angle is very sensitive to error signals when
the phase angle of the cross-spectra.]. density is near ± 1800 , and small pertur-
bations cause a large amount of jitter .

Data processing , as described in Section ~ .14 , converts the cross-
spectra.]. densities to contributions to the self and shear noise spectra from
a unit volume of jet as shown in Figs. 6.9 and 6.10 respectively. The spectral
contributions and their peak frequencies are decreasing functions of the
distance from the jet nozzle . Contrary to speculation , a unit volume radiates

S 
a broad-band signal; the peak frequency can be considered as the preferred
frequency. In the range y1/D =

~ 3 to 7, the peak frequencies are approximated
by the empirical relations:

= (5 .3 - . __

(6.2)

= (3.0 - .20

The average peak frequency ratio 
~~~~~~~~~ 

is 1.514 . The cross-spectra].
density measurements indicate that the self and shear noise contribution from
a unit volume of jet to the far field jet noise at 1+0° to the jet axis are
approximately equal.

6.3 Contribution to the Jet Noise from a Slice of Jet

In what follows , the terms source distributions and source patterns
are to be interpreted as source power densities and not as source strength
densities as used earlier, e g. on RIIS of Eqs 2.13 , 2 5, etc. The respective
self and shear noise source strength densities are proportional to (~2ux/~ t2)
and Ux(~~ ux/~ t2) . On the other hand contributiops from, a unit volume to the
far-field acoust~c power the forms (~ 4ux2uk2/~.?4 ) and ~~~~~~~~~~~~~~

S 
which scale as w (U ~

2)2 and w U
~(Ux

2
, respectively.

The contribution from slices of jet at y1/D 3 and 6 have been
computed from detailed measurements at a grid of field points. At a given
axial station , the spectra are similar in their frequency content and differ
only in amplitude (Fig. 6.ii) . After cross-plotting the data , contours of
constant source contributions can be obtained . The reference position in each
slice ~~ j et is located at r/B = 1, ~ 0°.

At y1/D = 3 the potential core ( which should contain no sources)
is clearly defined. The source distributions of the shear and self noise
(Figs . 6.12, 6.13) are largely confined to the quadrants of jet closest to
the observer and are strongest along the circle r/R = 1. The source patterns
in the Proudina,n format are fixed to the vector .

~~~ 

and move with the observer;
therefore the jet axisynmetry will insure that the mean square pressure is
a.xisymmetric. Because of the top-bottom syniffletry only the upper portion of
the patterns are illustrated.
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Ther2 ~s a close affinity of the source pattern s to the functions
~~~TJ~2 and (ux’~)’~. From a simplistic argument these may be considered to be
approximate indicators of the contributions*_‘per unit volume to the far field
shear and self noise power. ‘

~ 7u~
2 and (ux2)2 are not axisymmetric, contrary

to the common assumption in noise models . The turbulence is not isotropic
and the mean flow not quite parallel to the jet axis; thus there will be a
biasing toward the observer at x. The role of the radial flow is indicated
in Fig. 6.15. The nominal source patterns do not behave exactly as the two
point velocity correlations that govern the sound generation, and therefore
are not one to one with the measured source patterns.

In the transi’~ion region the properties of the jet flow approach
the characteristic behavjour of a fully developed turbulent jet . The source
distributions are expected to become more synmetric about the jet centre line .
At y~/D = 6 both the self and shear noise source patterns are strongest in

S the quadrants closest to the observer, with a pronounced bulge along the line
pointing in the direction of the observer (Figs . 6.16 , 6.17) . The mean
velocity distribution Ux gives the shear noise pattern a more circular

~~~earance . As ~as the case on the mixing region , the nominal source patterns
~~U~2 and (Ux2)2 are similar to the source distributions of the shear and self’

noise respectively (Fig. 6.18) .

6.14 Jet Noise Contribution from Field Point s in the Region 3.~ y~/D .~ 7

The overall self and shear noise spectra at 1400 to the jet axis can
be constructed from contributions of radial slices of jet (see Section 5.4) .
Figure 6.19 illustrates the spectral contributions from such slices in the
range y~jD = 3 to 7. As the cross-spectra were found to d.iff’er only in their
relative amplitude s at a fixed axial position the curves are similar to the
ones in Fig . 6.9 and 6.10 but with different magnitudes to account for the
overall emission from a slice of jet rather than a unit volume .

The total self and shear noise contributions from an individual
slice, which is directly proportional to the area under the corresponding
curves in Fig. 6.19, are nearly equal. The contributions to the far field
jet noise are decreasing functions of axial position in the r ange 3..~ yjjD <.7
(Fig. 6.20). The hybrid model discussed in Appendix A is shown for ccmparison.
The model source strength distributions are based on assumed frequency and
correlation volume scaling and measured nominal source patterns and agree
qualitatively with the normalized self and shear noise source strength distri-
butions deduced from the cross- spectral density measurements in the region
surveyed by the experiment , namely y~/D = 3 to 7. This particular region
appears to be responsible for about 130% of the total jet noise heard by an
observer at 400 to the jet axis.

* For the model discussed in Appendix A the respective self and shear noise
contributions to the power spectrum of the far field jet noise are of the
form ( Eqs . A2l and A28~-:

2 2  1+dq~~ (u,~ ) w 
~~l’~ ’~~ 

- (u,~ ) u~
- 2 2 1 3

~ ‘~x ~x ~~

If’ 3~ and v.72 are invariant across a slice of jet , then the contributions
to ~~~ sel~Ls~~ar noise spectra are governed by the nominal source patterns
(u,~~)~ and u,~ U~2 respectively.
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The behaviour of several frequency bands (bandwidth 24 Hz) suggests
that the major part of the source distribution is confined to axial positions
less than y~jD = 10 (Fig. 6.21) . Source location techniques such as employed
by Grosche et al (Ref . 74) and Fischer et a]. (Ref . 75) indicate that sources
as far downstream as 15 jet diameters cont :ibute to the jet noise. These
tests were , however, performed at considerably higher Mach nunt er than the
present experiments (Groache : M = 0.7 and 1.0; Fischer: N = 0.8). Grosche ’s
results show that the source distribution migrates towards the jet nozzle as
the Mach ntm~ er is reduced.

The source strength distributions of Fisher et al (Ref. 75) exhibit
a rather steep roll-off in the transition region of the jet. The rapid loss
of source strength is moderated by a slow asymptotic decay for y1/D > 8; thus
the axial source strength distributions deduced from the measured cross-spectral
densities may well be compatible with the ones that would be measured by an
acoustic source location technique. Acoustic telescope measurements of
Billingsley and Kinns (Ref . 76) appear to corroborate the present results.
Their test s were performed on a real (i.e. hot) turbojet exhaust , and the
correspondence is thought to be rather fortuitous .

The spectral contributions to the overall self and shear noise are
estimated by direct summation over all slices of jet that have been surveyed.
As was inferred above, only about 140% of the overall jet noise appears to be
accounted for ; hence , the spectra predicted from the measured cross-spectral
densities are likely to underestimate the self and shear noise spectra whi ch
have been extracted from the far-field jet noise via the Nossier-Ribner
technique ( see Section 4 .13) . Based on the behaviour of the sources contained
in the region y1/D = 3 to 7, it can be argued that sources downstream of the
axial positi on y1/D = 7 will contribute much of their energy to the low fre-
quency parts of the spectra, and the sources near the jet nozzle (y~/D < 3)will add to the hig~i frequencies.

The self and shear noise contributions to the overall jet noise
(in the present investigation only the observer position at 1+0° to the jet
axis is considered) can be estimated from far field jet noise data via the
Nossier-Ribner algorithm (Ref . 37) or from cross-spectral densities as
measured herein . Both methods are consistent with Ribner ’s self and shear noise
model and, if the theory is valid , should. result in identical predictions of’ the
self and, shear noise spectra subject to experimental constraints . Should such
a closure be demonstrated , then the credibility of the theory , whi ch is supported
by other evidence (for example: compatibility with the work of Mani, Ref . 23,
as d~ rJonstrated by Ribner , Ref. 24 , theoretical two point far field pressure
correlations , Ref . 28) is strengthened.

The shear noise spectrum computed from measured spectral densities
and the shear noise spectrum extracted from the far field jet noise are
compared. in Fig. 6.22. The shear noise contribution from the limited volume
surveyed by the experiment is comparable to the total radiated shear noise.
There has been no arbitrary fit of the spectral amplitudes: the direct
sunmation described by Eq. 5.15 has been performed. It was reported earlier
that the ‘shear noi se correlations ’ exhibited a marked change over a radial
slice of jet; such a change takes the form of a phase angle ~1’(x,y,w) , as the
f requency distribution appears to be unaffected by changes in the radial or
azimuthal position of the source point (Fig . 6.11) . The estimate of ~1’ is
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buried in the phase angle computed. by the FF1 analyzer . The shear noise
spectrum

-1~ jr 2 i~p(x ,y,~ ) iwc0 ~~~~
~~~~~~~~~~~~ -~j 

w Ux(~
) 

~~~~~~~ 
e -‘ -, e ~~ (6.3)

i~ approximated as

— U (y) I~~ 
(x ,y,w)J d,y (6. 1+)x-, uXP - v

~7 -,

where tp(~~,y,w) has been chosen to be -wco-l~x-yJ . The correct phase angle is
S obscured b~ a large experimental error ; in general ~t’(4,~ ,w) 

~~ 
-wco l 

~~~~~~~~~~~~ The
integrand in Eq. 6.1+ is simply the absolute value of the integrand of the more
exact shear noise spectrum estimate given by Eq. 6.3. It can be shown with
the aid of the Schwartz inequality that the shear noise contribution , as
computed by Eq. 6.1+ , overestimates the spectrum . It is encouraging , however,
that the spectrum estimates are of a comparable order of magnitude. A longer
averaging time is likely to improve the definition of the phase angle ~&-(x,y,w);
implementation of such a scheme requires a digital computer, which was not”
readily available to the investigator.

The self noise spectrum computed from measured cross-spectral
densities and the self noise spectrum extracted from the far field j  et noise
(measuring the jet noise spectrum at 90° to the jet axis and correcting for
the Doppler shift and. convection amplification to obtain the self noise estimate
at 400 to the jet axis) are shown in Fig. 6.23. The peek amplitude of the
pred.icted self noise spectrum is found near 3.15 KHZ, whereas the self noise
spectrum computed from the far field jet noise via the ‘Nossier-Ribner technique’
has a maximum near 2.2 KHz.

The measured cross-correlations u~2(~,t) p(~~,,t-T) , in contrast to the
shear noise correlations ~~~~~~~~~~~ have maxima at the expected time delay of’
c0 1 

~~~
_

~~~J ;  thus the phase angle introduced above can be set to -wc0-1 ~~-yj with
no significant error , and the estimate of the self noise at 40 to the jet axis
can be treated with considerably more confidence than the corresponding shear
noise estimate . The energy content of the predicted self noise spectrum is

S only 41% of the overall self noise spectrum. This figure is in good agreement
with the l&$~, total energy contribution which was inferred from the behaviour
of’~~he Mxial source strength distribution .

One form of Ribner ’s theory predicts that the shear and self noise
spectra have the same shape after an octave shift; the shift actually depends
on the form of the time correlation of the sources (Refs . 10, 77) . In Fig.
6.21+ the shear noise spectrum extracted from the far field noise has been
shifted in frequency and adjusted in amplit~4e until the spectrum nearly
matched the self’ noise spectrum . The best fit was found for a shift of 1.6.
The same frequency shift has been applied to the shear noise spectrum ~‘edicted
from the cross-spectral densities . After matching the peak amplitudes, it is
found that the two estimates of the frequency-shifted shear noise spectra fit
the corresponding self noise spectra , as predicted by the theory. Nossier and
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Ribner (Ref . 37) found that a large body of experimental j  et noise data on
average exhibits close to an octave shift . The frequency shift appears to be
a weak monotonic function of’ jet velocity (Table I of’ Ref. 37) , and. thus the
present result is thought to be compatible with the one of Nossier and Ribner
(Ref . 37) .

For the sake of’ completeness, the overall jet noise spectrum measured
at 40° to the jet axis and the sum of the predicted self and shear noise con-
tributions, based on the cross-spectral density measurements performed herein ,
are shown in Fig . 6.25 . The apparent fit for frequencies greater than 2.5 KHz
is for the most part due to the overestimate of the shear noise spectrum.

6.5 Concluding Remarks

Over the years Ribner’ s self’ and shear noise model , an extension of
Lighthill’s theory of je t noise , has been demonstrated to describe the major
features of jet noise (Ref 5. 17, 37, 28, 24), but direct measurement of the
postulated sources via a cross- correlation technique has met only limited
success. The spurious ‘probe noise’ generated by interaction of’ the turbulence
and the velocity sensor - the hot wire probe - is believed to be the major source
of error. In the present investigation the sources, which are proportional to
certain rates of’ momentum flux , have been measured by a ‘remote’ sensing tech-
nique made possible by a Laser Doppler Velocimeter that has been adapted to the
special requirements of the correlation measurements.

Cross-correlations and cross-spectral densities of the postulated
self and shear noise source terms and the radiated sound have been measured.
For radiation to the field point at 4o to the jet axis, the effective instan-
taneous source patterns of the self and shear noise, as derived from the
cross’spectra, show a marked deviation from axisymmetry . Nominal source
patterns, proportional to i~~Ux2 for the shear noise and (ux2)2 for the self’noise , are quali tatively similar to the measured source patterns . The effective
source patterns are observer oriented, and not fixed to particular jet flow
coordinates; this property assures that the overall radiated mean square sound
pressure is axisymmetric, even though the instantaneous sound pressure is not.

The self and shear noise spectra predicted from an aggregate of’
cross-spectral density measurements of the postulated source terms and the
radiated sound are compatible wi th the self and shear noise spectra extracted
from far field jet noise measurements. The source region surveyed herein
(y~jD = 3 to 7) appears to radiate about 4o% of’ the total jet noise heard by
the observer; therefore the predicted self and shear noise spectra are not
one to one with thQse extracted via the ‘Nossier-Ribner ’ algorithm. S

Both sets of’ self and shear noise spectra do match very nearly in
shape and exhibit a co~~~n frequency shift, and both sets have comparable
absolute spectral. amplitudes; this behaviour is predicted by the theory . The
compatibility suggests that the theory is internally consistent and lends it
substantial. further credibility.
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FIG . 3.1 M)IRE PATTERN M)DEL OF THE INJ~ERSECTION OF TWO COHERENT LIGHT
BEAM3 . LIHES MAY BE THOUGHT OF AS SURFACES OF EQUAL PHASE,
[REF . DURST, F., STEVENSON, W. H,, MJIRE PATTERNS TO VISUALLY
WID~1 LASER DOPPLER SIGNALS, APPLISD OPJ~ICA, VOL. 1.5, 1, PP.137-144 (1976)]

FLOW DI RECTION BEAM
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

FIG. 3.2 SCHEMATIC OF THE D~~’FERENTIAL MDDE OF LASER DOPPLER SIGNAL
DETECTION. ‘DOPPLER BURSTS’ SCATTERED BY PARIICLES TRAVERSING
THE BEAN INTERSECTION ARE FOCUSES ON THE PHC1TOMULTIPL]ER

• D~~ODE.
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FLOW DIRECTION
BEING MEASURED

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~BEAM PHOTOMULT I PLI ER
SPLIT TER OPTICS

FIG. 3.3 PRINCIPAL OPJ~ICAL COMPOHE~~S OF TEE LASER DOPPLER V.FILOCIMØTER.
THE LASER BEAN IS GUIDES TO THE BEAN SPLfl’TER; DOPPLER
SIGNALS SCATTERED BY PARTICLES IN THE BEAN INTERSECTION
(PRoBE VOLU1~~) ARE FOCUSES ON THE PHOTOMULTIPLIER.

FIG. 3. 14 LASER DOPPLER V~ E~OCTh~ TER OPTICAL PACKAGE .
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FIG . 3.5 LASER DOPPLER VE1OCTh~’TER OPTICS APTER INSTALLATION IN UTIAS
A~~~CHOIC ROOM .
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FIG . 3.6 SEEDfl~ GENERATOR FOR .5 ~.tm ALUIVflNA POLISHING POi~U)ER.
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FIG. 3.9 AC FE~YTHBO1ZH AS A FUNCTION OF FREQUENCY f .  VERTICAL SCALE:
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FIG. 14.14 CHA~~E IN THE TRAVEL TThE OF AN ACOUSTIC SIGNAL EML’TTED BY
A POINT SOURCE IN A JET FLOW TO A RECEIVER AS A FUNCTION OF
POSIT ION RELATIVE TO THE JET AXIS.
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FIG . 14.5 NORMALIZES R}~3 LFWEL OF AN ACOUSTIC SIGNAL E~VTFTES BY A

POINT SOURCE IN A J~~ FLOW AS A FUNCTION OF RECEIVER POSITION
RELATIVE TO THE J~E~T AXIS . REFRACTION IS THE MAJOR MECHANISM
THAT ~DDIRIRS THE DIREC’TIVITY OF THE RADIATION E~ ETTES BY THE
POINT SOURCE . (ATVARS ET AL, REF . 13)
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dB I I I I I I I I I

~ 0 -  -

~~-20,0 • -

~~-30.0 ‘ -

u~ I I I p i i

0.063 0j25 Q25 050 1,0 2 ,0 1.,0 8,0 ~ ,0 KHz

FIG. 14.8 TYPICAL TURBULENCE SPECTRUM OF u1(y, t); y1/D = 6, r/R = 1.
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FIG. 14.9 FAR FflID JET NOISE SPECTRA OF THE IYTIAS 3/k ” ~~DEL JET AT
VARIOUS OBSERVER POSITIONS RELATIVE TO THE JET AXIS. JET
VELOCITY 105 M/SEC, VERTICAL SCALE (LINEAR) IS REFERENCES
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FIG . 14.12 IMAGE OF THE FRINGE PATTER1~ IN TIlE PROBE VOLUME.
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FIG . 6.1 MEASURED CROSS-CORRELATION OF THE INSTANTANEOUS TURBULENT
FLoW ux(y, t) AND THE FAR FIELD JET NOISE p(x , t ) .  SOURCE
POSITIONT y1/D = 6, r/R = 0.
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FIG . 6.20 RELATIVE OVERALL SELF AND SHEAR NOISE SOURCE STRENGTHS PER
UNIT LENGTH AS A FUNCTION OF AXIAL POSITION; COMPARISON OF

~DCPERIMENT AND A HYBRD) MODEl PROPOSED IN APPENDIX A. TIlE
DATA HAS BE~~ NORMALIZED BY THE RESPECTIVE VALUES AT ~~/D = 3.
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APPENDIX A

A SIMPLE J~E’T NOISE MDDEL

Some properties of jet noise are c~~~uted from a simple turbulence-
plus-mean flow model which is largely equivalent to that of Ribner (Ref. 10) .
The analytical approach follows along the lines of Pao and Lowson (Ref. 78).
By transformation to the wave number-frequency space , some of the rather
ccai~lex coordinate transformations (see, for example, Ribner UTIA Report 86,
Ref . 6) are exchanged for more straightforward Fourier transforms.

The turbulence model that will be used to ~~scribe the two point
velocity correlation s in the jet satisfies the criteri on of homogeneous
isotr opic turbulence (Batchelor , Ref . 79) convected. by the local jet flow .
The cross-correlation of the velocity uj (4,t ) and u1(~ij , t- i- ) defined in a
reference frame moving at the conve ction velocity U~ is modelled as:

- 
-a2(11 1

2 +a2U 2i-2)
u4~~r ,t)u (y+~ , t-’r ) = u,~

2(y) .f~.4 (1~a!l~ I
2) + a21 ~ ~~ 

c
-, i j j  (Al)

The parameters a, a, and Uc are weak function s of position and determine the
spatial and temporal scales of the correlation . For convenience these para-
meters are treated as being constan t within a correlation volume . The
turbulence model is identical to the one discussed by Pao and Lowson (Ref.
78) ; extensive use of such a model was also made in earlier work by Lil ley
(Ref . 5) and Ribner (Ref . 10) . The Gaussi an was chosen for its well behaved
Fourier transt’orm; even after repeated differentiation one does not encounter
convergence px~oblems. Mathematical expediency has dictated the choice of the
model correlation; consequently, the turbulence, which is neither isotropic
nor homogeneous, is not described with great accuracy.

The model cross-correlations and cross-spectral densi ties relevant
to Ribner ’ s self and shear noise fo~inalism take the form:

_ _ _ _  
2 2 2 2 2

2 / 2 2 2 2” - a ( I .~J + a U , - )
u u (y ,~ ,.r) = u1 (~

) ( 1-a ~ 
- a (~~cose- I sine ) ) ex x -, --, \ 3 1 / (A2 )

2 2
u u (y,I,’r) = 2(u u ) + (u ) (A3)x x - , -, x x  x

UX is the velocity in the x direction (the observer is located at .
~~~
, J, the

separation between field points in the turbulent flow, and T is the time
delay. As the source term of the Jet noise is proportional to ~2/~t2 (

~~~~~~
+ ~~~2,

only 2(uxu~
)2 in Eq. A3 will contribute to the jet noise correlation, (ux’~)2

being invariant with respect to ~~~.

A-l

- -  -5----- -- 5- ~~~~~~~ 5- - - ---~~~~~ -- - - - -5 - - ---5- - -- - - -  



-::~ L -::r ~- 2 ~~
_ ~~~~~~~~~~~~~~~~~~ —- -~~

5-
~~~~ --~~~—~~~~~~~~ --—- - ----~~— -—-~~~

The cross-spec tra in wave-ntmth er-frequency spac e are given by the
respective four dimensional Fourier transfor ms as:

2 i ( ~ ,!
2 + ~2

- 

u1 (i,) k3 + (k2cos8 - k.~sine) 2 14a2 a2u 2

~ u ’~ ’ ” ~’ 14 2 2 e-, 16a au~ r lea (A le)
2

_ _ _ _ _  
11 (k~ + (yose - ~~ sin e)2 

~~~ 
- ~~ (~~ 2 +

~~~
)

2 ~~~ 
,w) — 

14 2 •

~ 

+ 2uu ‘ 
~~
‘ 32a 

~~~~ 
~ “ 16a / J ( A5)

k and w are the wave number vector and the radian frequency respectively .

The mean velocity profile is modelled as:

2 2  2-c (
~2 ÷

U0 = U~(y1)e (A6 )

with c and U1 slowly varying functions of’ axial position Yl~ 
The mean velocity

component in the direction of an observer at x is:

= u~cose (A7)

The Gaussian is a reasonable d.eácription of the mean velocity profile in the
trans ition region and the fully developed jet ; how ever , it fails t o model the
f low near the jet nozz le (mixing region) with sufficient accuracy . A better
model of the mean velo city profile in the mixi ng region would have been (Ref .
80):

~ A 2
A r -~~~(s - ~

)
U = U  — I e  ds (A8)s

Lilley (Ref. 5) suggests A 300 and 1~ .03 . Ribner (Ref. 10) models the
two-point correlation as

u (~ + U ’ (~ - = ~~(y)e~~~~~~ (A9)

rather than modelling U itself.

One must keep in mind that the correlation ftu~ictions and the mean
velocity profile are but crude estimates of the ones that would be measured
in a real jet flow. The spatial and temporal behaviour of the model functions
is hopefully illustrative of the general nature of the ‘real’ functions .
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Jet Noise Estimate

The shear noise contribution to the total far field acoustic pressure
according to the theory of Ref. 10 is:

p~~(~ ,t) = Ux(
~

T) I~ u(y,t - c~~ J~ - y J ) d y  (Alo)

The shear noise auto-correlation is evaluated from a double volu~~ integral:

2
= _ _ _ _ _ _ _ _

~~~~~~~~ 
u,~(z1,t - c~~ Lx - 

~ 
i) A u~

(z2,t - - ~~l 
~ 

- 
~~~ 

I) dz1dz2
(All)

Ribner (Ref . 10) has argued that cross-terms such as [~~/~t
2(u~) ~~/~t

2(ux2)]
which are found in a more rigorous description , will be small or identically
zero. After transformation of the variables .~l 

= .~ 
- 1/2 ~~~, z~ = + 1/2 ~~~,

and application of the identity

2 2
u~ u’ = i~. u~u~ (A12)

the auto-correlation takes the form:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~ t ) u~~(~~
+
~~~~ 

t -  T~~~~~~~~)d~d~ (Al3)

The integration over evaluates the contribution to ~~~~~ T) from a correlation
vo ltme at ~~~~. It is convenient to replace the cross-correlation by the equivalen t
Fourier integral representation. An observer moving at the convection velocity
wo uld measure :

-~~~~~ & ~~~~•
~ç~i; f\~~(Z~~

w)e e d d w  (Alle)
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Substitution of j,- U~r for ~ changes the moving frame correlations to fixed
frame correlation s:

-ik~(~-U T) -iw i
u
~
u’ f Püu~~~4,~

))e ~ e dk di~ (Al5)

It follows that 
- 

-

= 
i4ir2c0

k
jxJ
2 j 1ff ~~~~ 

- k .U )~ ~~~~~~~~~~~~~~~~

- 

~ -Vc~ e~~ (~ 
+ - 

~~Wc~ ~~ ~ e 
~~ (,13

2 + ~~2)

(Al6)

The grouping of the variables in the exponentials suggests a change of variables:

x
q = K + (~~~ 

- k .U ) - ‘;- --~7 -, -rc c
0 - ?

- (Al7)
a = (w -

The Jacobian of this transformation is unity. The new variables will simplify
the integration over the wave rannber-frequency space; convection effects are
also accounted for’ tviz (w - .1~~j~)). -Refraction of sound has been suppressed
by replaci ng the perturbed density p within the jet by the ambient value p0(Ref . 24) . Integrating over and q1 results in: 

-

2 2 2 2

R~~ (x ,T) = 

16
~~
aUc c

~~ j~ I f u~~( )  20a
14 q

3 
:a~~ 

cos e

2a2 + c 2 2 2 q2 a 
_ _ _ _ _  

2
- (q~ + q ) — — silie - a.

e 4a2c2 ~ 
~~~~ 

c0 e 
lea2a2uc

2 
- 

e 1
~~ ~~ d.fl dq~ dq3

- 
(A lB)

where C = t (1 - M0cose) 2 + aY)~
’2 is the convection factor first found by

Ribner (Ref. 5) and Ffowcs-Wi].liamz (Ref. U); ~~ is the convection Mach number,
= U~ is typically half the jet velocity (Ref . 82). After integration

over q~ and q~, one finds that the shear noise auto-correlation is the Fourier
transform of the spectral contribution s fr om all correlation volu mes in the jet
flow:
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5-—-- - -~~ -~ --5 ----—-- -—--- -.- -—5-- --~~~~~



-- - - -5-- - -- —----5-
-,

2 2
_ _ _ _ _ _ _ _  

c 3. 
IU

2 ~~ 4
= 14 ,2~~~ 2 2R~~(x ,T) 

8i~xu~c0 L~ i a 2a + c 2C~~ 2
- 2 2  2 C1

( 
2 ]. c2 

________ 
a2 2 2 \ lea a 

~~~~1 + ~~5 + 
~~ 2 2 ~~~ sin e cos e) e
a 2a + c  c

~ (Al9)

For the shear flow the convection factor comes out to be:

_ _ _ _ _ _  
2

I 

C~~ = 1 ( l _ M cco8 e) 2 + a 2Mc2 ( 1_ 2
c (A2o)

There is virtually no difference between C and CSH at low convection Mach
numbers .

The volume integral of all spectral contributions (deleting the
Fourier transformat ion in Eq. Al9) defines the power spectrum of the shear
noise . The spectral contribution from a uni t vo1~~~ is: 2CSH

2
____________ 

a4
8~~~~c~ ~~ 

a (2a + c )2 
U~

2(y) ~~~(y) ( 2 
- 

4a2a2u 2 a
l+ cos e) e c dy

~~SH 4 2~~~ 2 2 -V -,
(A2l)

The peak frequency of d~~H 
is

f = (A22)

~SH

2 2 2- 22  2 2
since .Sta c sin e cos e/(2a + c ) ]  is much smaller than (1 + cos e).

-

~~

-

The mean square pressure = R~~(x ,O) can be written in the
form:

~~ r
PS H J  ~SH~~~v

_
1T 2 ~~~ 4 4
‘
~
‘
~~ 

(y)u1 (~)a M0 
2

2 a - 
+ 2 + o~ 2 sin2ecos2

e)( 1 + c o $ 2 5cy c
~ SH = 

7[~ I CSH 
(2 + o~)~ 

CSH
(A23)

where a c2/a2
; a < 1, as the correlation length (a 1/a) cannot be greater

than the jet diameter (a 1/c) . Q~5j~ 
can be interpreted as the shear noise
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contributio n per unit volume to the overall mean square pressure . The inte-
gral of QSH over the local cross-section of the jet would corre spond to the
shear noise contrib ution to the source stre ngth per unit length . The basic
directivity of QSH is proportional to:

._2~ (1 + cos2e) = cos28(l + cos2e) (A24)
U1

The basic directivi ty is modified by the convection factor resulti ng in
a downstream bias and refracti on which is not included herein . Ribner (Ref .
10) as well as Pao and Lowson (Ref . 78) have obtained the same basic direc-
tivity for the shear noise term. (Pao and. Lowson defined the shear noise
source term to be

?3U ~u
SHEAR NOISE a (.A25)

which appears to be equivalent in an integral sense to Ribner’ s definition
used herein.)

A similar analysis may be performed for the self noise given by:

= 
jA  

u
~
2(y,t - c~~ jx-yJ )dy (A26)

The mean square self noise pressure is:

=IQSF dZ (A27)

with —

3 
~0 tu1(Z)) 4 4

5 2  a M aF 
~~~~ C 14 1 

c

The spectral distribution is proportion al to

________ 
2

p 2 
~a2a2u 2 ’

~
= 4 4 ~~~~~~~~ )

2~ 4 e c (A28)
l2877a atJ c I2~:j

and has a maximum at

2m2U
= C 

(P29)pSF
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The ratio of the se’f and shear noise radiated by a unit vo] .t~~ of
jet is :

~sF — ~~~~~ (2 + )
2 ~~2() c~~ -

2 T 2 (A30)
~BH U1- (y) C cos 9(1 + cos e)

The ratio is governed by the spatial scales of the mean flow and the turbul ence
(a), the turbulence intensity distribution and the basic direct iv ity of the
shear noise (the basic self noise is omnidirectional) . Convection effects
CSHS/CS tend to cancel .

The self and shear noise spectral contributions peak at different
frequencies. Nossier and Ribner (Ref. 37) have found that the peak self and
shear noise frequencies extracted from far-field data differ by a factor of
about 2. The Gaussian correlation model of the present analysis predicts a
peak frequency ratio of ~~~~~~. McCartney (Ref . 77) has discussed the dependence
of the frequency shift on the choice of the temporal form of the correlation
and cited several examples . The model self noise spectrum can be modified to
exhibit the observed frequency shift : The argument of the exponential of the
self noise spectrum C2/8a2a2Uc2 is multiplied by a factor of 1/2. Hence the
peak frequency, defined by the sensible solution of

C2 2 -

e l6a2acc
2 

= 0 (P.31)

bec~~~s

2~& ~ rU
f - = 2 f  (P.32)

~‘SF ~SH

Integration over a results in a factor of 25/2 , thus

—
~~5

/ ~2 u. , C-b.~~_~~2 + a )  ~ . SH 2_ _

~SH U1 C cos 9(1 + cos e)

The jet half width is ~ .ven by tli~ empirical relation b1/2 = .0848y1 (Ref. 81);
thus c = 9.82/y,~. The turbulence scale is estimated to be ,L, = .l3y1 (Ref . 82),
and as a = IJj~/L the square of the ratio of the length scales becomes a = .52 .
a is somewhat sensitive to the chotce of ~ and bl/2; therefore, the value of
a = .4~ used by Ribner (Ref . 9) ha~ been chosen . This yields

2 
2 

2cos e(l + cos e)

a value c~~ atible with the work of Nossier and Ribner (Ref . 37) .
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Strength Distribut ion of Noise Sources Along a Jet

The functions Q~p and QSH describe the contribution of a unit
volume to the overall self and shear noise respectively. It is often
assumed that the temporal and spatial scales of the turbulence_do not
change over a slice of jet . If the behaviour of i~3~ Ul2 and (ui2)2 are
known, one m~~ estimate the contribution of a s h e ” of jet to the overall
jet noise .

The individua l contributions to p2 from unit vol ume given by Eqs .
/23 arid. P27 may be written as :

= 
3p0 x

2
WUi

2(1) a:aleUc
le 

2 2 ~ (i + cos
28 + 2 +  a 

a
~
Nc sin

2ecos 2e~
-y SH0 SH SH

= 
3~~~~

2
~~) 2(y) 

2 (1 + cos2O + 2 +  
a
~~c

. 
sin2ecos

2
e)T k I C C ( 2 + a )  C—, SH0 SH (~~4)

Similarly,

= 
~~~~ 

2 

_______  
4~3 ( )

4,r c0 L~, I C
Wo is a typical frequency that is assumed to scale as U1(y1)/y1

(Ref. 1); the correlation length ~~varies as y
~
. Thus the contributions of a

slice of jet scale as:

= 
U1~(y1) 

j  t~~
2(i) ~2 

~~ (A36)
1 A(y1)

~SH~~l~ 
= 
u1~(y1)

1 t~~
2(y) U 2(~ ) 1~~ (~~7)

- 
- 

1 A(y1) 
-

Tbe,~rea integrals have been evaluated from measured turbulence intensitiesV’u1’/Ui and mean velocities of the U~IAS 3/4 ” nx)d.el jet (see Fig. 4.6) . The
functions ~~j(yjjD)/~~jj(3) and ~~p(yi/D)/~~ .(3) are shown in Fig. Al; they
are proportional to relative self-shear noise contributions to the far-field
acoustic power from a unit length of jet.

Ribner (Ref . 7) and others (Refs. 5, 8) used similarity and, scaling
arguments to predict that the source stre ngth distrib ution per unit length
follows a y1° law (i.e. constant contribution of a slice of jet to the far
field acousti c powe r) in the mi,d.ng region, and a r7 law in the fully developed
j et . The present model is a lujbrid combining scali ng considerati ons (w0 a

A-B
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and certain products of measured jet flow velocities , as described
by Eqs. P.36 and P.37. The peak turbulence intensity is not constant in the
mixing region reaching a maximum value near y1/D = 5. Hence Ribner ’ 5
law, predicated on the asstnnption of constant turbulence intensity, is not
satisfied. Downstream of the potential core (y~JD > 4) ~~p arid 

~SH decrease
rapidly , and do approach the y17 law predicted for the fully developed jet .

Kypothetica l Cross-Correlations

The procedure of estimating the cross-correlations uX(1,t)p(~,,t-T)
and ~~~~~ t)p(~ ,t-T) is similar to the one employed in the computation of the
far field pressur e. The analysis evaluates the cross-correlati on functions
that would be measured , if the flow were accurately described by the assumed
correlation s of the model .

The shear noise correlation is:

R (x,y,T) = u (y,t)p(x,t + r) -

~~~~~~ 
x -,_ 

-

= 
2~~~2 

~~~ 
J’ tJ,~(y + ~) I1

~
(y, t) 1~ u~(y- + I, t + .r - c~~ ~~~ 

- -

where is the separation of an arbitrary pod.nt aM - the bource point i~The cross-correlation uxu~ is x~on-zero only for small values of I~I (corre-
lation volume of ux). The variation of the mean velocity U~ over the
correlation volume will distort the integr and. For the case of homogeneous
isotr opic turbulence and - flow parallel to - the jet axi s , the i-ntegr and will be
maximum at v + €, where ~ is a slight offset towards the jet centre line.____.~~ -, -~ - -.0Upon substitution for .U~ and replacement of the cross ~orre1atio n cY~/~-r2(uxux)
with the equivalent Fourier integral , Ru,~p(x ,~t,T) becomes:

R
~~~

(x ,y,T) = - 
2~7,c~

2 ~~ 
u1cosoS (w - 

.~~~ 
- ~~~~ 

~~~~~~~~~~

~~~~~~~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~ 
co~~ i) ~~~~~~

_ c 2~(y2+~2)2+(y +~ )2)
e ~ dw dk d~ (P.39)

-7

After the change of vari ables:

y = y +  I
-p -,, 

~~~
X \

q ( k + ( w - k . u )  ~~ ) (P.40)
.7 \~~~ 

-~~ -,c c~~~ 1 /

a = w -  k . U_7 -‘C
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one observes that

Je~~~~ e
_c2 2~~

3
2
) 
d~ (P.41)

~c2( 
2+ 2

)
is the three dimensional Fourier transform of e and

2 2a +c , 2 22 2 2 -
— 

p~u~ U1cose C 2 q3 + q~ cos 8 4a-r2 ~R
~ ~~~~~~~~ - - k 2 2 J ~ 2 C

l6~a c c r t Jc lxi 4ac o  -,

~~sin e i(q~y2~~3
y

3) 
e 4a

2a
~~c

2 
~2 

~~~~~~~~~~~~~ ã~ dq~ dq3
(A42)

A lengthy but straightforward integration result s in:

o~ 2 2 2
- 

~r7~ p0U~~U1cose 2 2 o~ 
- a (y2 +y3R (x ,y, T ) — - — 

A 2 e

~~SH 
k~ I 

- 
c (1 + o)

2M 2

1 + cos
2

e - 2a
2 
1 (y

3
2 + y2

2
cos

2e) + ~ 1 + if 
sin 8

a2a2U 2 - 

aM cos9 ~~J
(1_ 2 ~2

c A 2 )+ i 2~~~
cT c 

sc (2ay2 aM sine~~

__
~~c’)

811 SH SH SH
2

(3 - 2 
~~~~~~ A2 )} e ~~H 

A2 

(P.43)

where

A -l if -1
= -r - c0 ~~~ 

- 
~~~ 

- 
~ + ~ c0 y

2
aine

C511 

I 

[(1 - M
~

cos
28) 2 + cz2M

~
2 
(1 - 1 + if sin

2e )] 1/2
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The ‘interaction ’ of the mean shear and the two point turbulent
velocity correlation has generated two functions , one of which is even about 

-

= 0, the other odd. In effect the mean shear has destroyed the homogeneity
and the isotropy of the correlation. The turbulence structure of the jet flow
is not homogeneous and isotropic, and one would expect the measured cross-
correlations of the shear noise source term with the far field sound to be
somewhat sensitive to the position of the source point in the jet.

The relative amplitudes of the even and odi functions predicted
above are plotted in Fig. P.2. The apparent position of the source has shifted
from to (y~, ~~~~~~ Y2, y~~

. The shift is not very si~~iifi cant from the
point of view of the percentage change in arrival time. The shift may become
si~~ificant if axial variations in the mean flow (neglected herein) are
considered.

In order to ccmpute the contribution to the far field shear noise
- 

- from a unit vo li.ma at ~~~~, one must double different iate the cross-correlation
with respect to i- and. evaluate the result at -r = c0 l ~~~~ 

(in the frequenc y
domain the cross- spectrum must be multiplied by (W~~~~c) ). The apparent
source shift implies that the resultin g function is evaluated. near , but not
at , its maximum. Should one neglect the small time shift one would overestimate
the shear noise cont rib uti on ( the same applies to the estimate of the far field.
shear noise spectrum; here the time shift take s the form of an addi tion al phase
angle ). The error can be considera ble, as the double time deriv ative bring s
about a narrower peak .

The cross-correlation Ru~p(x ,y, T) may be normalized by the R1vi~3 value s
of U~ and p which are given by:

= (P.44)

r~ ~~~~~~~~~ U1
a2M0

2 
(
~~ 2 

+ _ _ _ _ _ _ _  
cos2e(1 + cos2ej ~hI2~~/2

7T Ix~ C
5’~
’2 a 

~~~~ (2 + if)2 2 ) 
~~~
(P.45)

For the present model the stron gest shear noise correlation is predicted to be
along the jet axis (y~ = y3 = 0); thus, the normalized correlati on is estimated
by:

Ru,~ = 
,,3,1’4 1 (7 cose(1 + cos28)

~.f6 a3”2V1~~ (1 +
-;:~

-
~ 

(2 ÷ )  (1 + cos2e(i + cos2e) )1/2

(P.46)

which takes the form
Ru~p

_ _ _ _ _ _ _  ~ .16 1 — (A47)
-~~~~~

-
~~~

x p
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for ~ = .45, L = .Ij - a 1, e = 40’.

has been interpreted (Ref. 39) as the nu~~er of uncorre-
lated volume sources assumed to be of equal strength; the correlation
coefficient, therefore , is inversely p raportional to the square root of the
n~nber of uncorre lated sources in the jet .

The self noise correlation is:

R
~~~~

(x ,y, r) = 

p
~
2 fu

2
(i~t~ ~~~~ 

u~(y +~~~~~ , t + ,. - -y - ti) dt

- (P.48)

does not suffer from the shear flow interaction. After some algebra:

R 2 ( x ,y,T) = 
~~~~~~~~ 

po(~~~ )2a2Mc
2 

( 
- ______ - )2 )

2a2a2
13 2 

2
- (-NT

~
)

e ; -r = c  E x - y~ (P. 9)
0 0 —,

-
~~ The normalized self noise correlation is given by:

R~~
2
~ _ ,r~

4 - 1 1 - 24

(
2
)
2 ~~~~~ 

- 

~~~ a3
~
’
~V~~ (1 + cos2

ecl + cos2e) 
)

1/2 
- -

x 2 (A5~)

when ~ = .45, L = ‘.J~ a 1, e = 400.

S~ Tm%R.ry

A simple turbulence-plus-mean flow model has been used to illustrate
what is hoped to be the general nature of the measured. functions Ru,cp and ~~~~~
The model predicts that the peak of’ the shear noise correlation Ruxp will occur

at a time delay different from the travel *~ime c;
1 
~~ I. 

Measured R~~~ cross-
correlations (see Section 6.1) indicate that the predictions considerably
underestimate the shift in the time delay .
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APPENDDC B

NOISE GE~~RA~TED BY TRA1~SDUCER-FLOW INTERACTION

Even though the principal velocity measuring system used during
the present investigation was the Laser Doppler Velocimeter , s~~~ thought
was given to the problem of transducer-flow interaction , as the hot-wire
anemcsneter will continue to be the most co on veloci ty sensor used in fluid.
flow research. The instrument is aV~ailable ‘off the shelf’ and does not
entail the extensive anci~.lary system development required for the Laser
Doppler Velocimeter . Furthermore , the volume of the active sensor is very
small cc~pared to the measuring volume of a Laser Doppler Velocimeter ,
making the hot-wire anemometer ideally suited to survey scale model flows.

A solid. object, such as a hot wire probe and its stçports, radiates
sound when placed in a turbulent flow . Curie has provided an analytical
framework that allows one to ~redict the sound generated by such flow-surface
interactions (Ref. 42) . The theory identifies fluctuating forces (lift for
exa~~le) as sound generators . This is confirmed by direct correlation of the
force with the radiated sound as was done by Clark and Ribner (Ref . 43) .
Curie shows that dipole radiation due to flow-surface interaction can be of
con~ arable intensity wi th the quadrupole radiation of a turbulent flow , if the
Mach number is small enough .

A hot wire probe when properly placed in a jet flow does not produce
a measurable increase in the radiated noise (it is unlikely that a. i% increase
in sound pressure l~vel can be detected with any confidence) . In Appendix A
it is shown that the normalized cros~ -correlation coefficients of the velocity-
pressure correlations are of order N~~if there are N uncorrelated. radiators of
equal strength Each source contributes an ~moun t t~2 to the mean squarepressure . The m~~n square pressure generated by the probe-flbw interacti on i~gassumed to be €~p’~, € = 0(1) . The new overall RI~’E sound pressure isY~N+€)t~s~and as N > >  € there is little change in the far field pressure . The correlation
function of the measured velocity and the jet noise is now of order (l+€) /~~ ,
as the sound generated by the probe is well correlated with the measured velocity,
the turbulent flow being responsible for the fluctuating forces on the probe.
Since € = 0(1) the error due to probe noise , whi ch is an artifact of the measure-
Inent , can seriously ‘contaminate’ or obscure the jet noise-jet flow cross-
correlation .

The interaction of a sound wave with a solid object generates a
diffracted wave by virtue of the reaction of the surface to the forces exerted

• on it t’y the incident wave . If the body is at rest , the reaction is such as
to maintain zero velocity normal to the surface . The veloci ty distribution
necessary to cancel the incident normal veloci ty can be generated by a collection

• of acoustic sources located inside or on the surface of the body (Morse, Ref. 83) .

Similar b~~indary conditions are encountered when a body is i~~~rsed
in a turbulent flow . The forces exerted on the body , just as the stresses in
the turbulent flow , act as sound sources. In the presence of solid boundaries

• the solution of the wave equation,

B-i
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2 ~i p v v
- V~p = (Bl)

• is given by (Ref. i47):

~~t ’ - t + c ~~ Ix - ~~ I) ~2
p(~,t) = 

- 

~~ ~~~~ 
~~~~~~~~~~ dy dt’

1 ~(t ’ _ t + c ~~L x - y I )  ~
~~- p(y,t’)

S 
-, i

5(t’ - t + c~~ Jx - 
I)

}~~~
dtt (B2)

where ij are the direction cosines of the outward drawn normal frcnn the fluid.
Equation Bi is an a~pro~cUnate description of sound generation by a turbulent
flow . Curie (Ref . L~2) has applied the divergence theorem two times to the
volume integral and found that for the special case of a stationary surface
the radiated sound pressure is:

1 ~2 5(t’ - t + ~~~~~ - .~I)
p(4,t) 

~~~ 
~~~~~~~~~~~ d~ d.t ’

- t + c-~~~~~ ~ ()
- 

~
_J

~
_ 
F~(y,t’) - 

d.t ’ (B3)

where Fj = £i6ijp is the force per unit area exerted on the fluid by the solid
boundaries. In the far-field:

p(~ ,t) =
:~ 

f
~~~~v

2(yt~) o(t’ - t ÷c~~~~ - yI) dy d t ’

+ ‘ f ~ T F(y,t’) ~(t’ - t + c~~~x - ~ j) dy dt ’ (Ba)

The Reynolds stresses ~vivj and the forces Fj have been replaced
by the ~~ n~ntum flux Po’~x

2 and a force Fx in the direction of the observer
at 

~~~
. If there is no fluctuating force in the direction of the observer , then

the observer will hear no sound. due to flow-surface interaction . This can be
illustrated by the simple example of an 

::

11f tt 1
~~ 

sphere (a dipole) set in



motion by a force in the horizontal plane . No sound is radiated in the
direction normal to the dipole axis which coincides with the force vector .

The forces exerted on the body in a turbulent flow are of aero-
dynamic origin. Racki (Ref . 84) reasons that the force can be modelled as:

FX =~~~P K V 2 S (B5)

where the pure number K is a function of the body geometry and S is the
surface area exposed to the flow. The far field acoustic pressure becomes:

p(4,t) = 

4~~~2 1~Tf~~~2 p0ir~
2(y, t~) 5(t’ - t + c~~Ix - LI) d~ d.t’

• 

~~~~~~~~~~ ~~ ~~~ ~C) K v
~
2
(y,t’) 6(t’ - t + c~~ j~ - y I) d.t’ (B6)

provided the scale of the body is sinai]. compared. with the scale of variation
of ~~

The cross-correlation of jet flow with the radiated jet noise gives
rise to two types of correlations: one associated with the sound generated
by the turbulent flow alone, the other generated by flow-probe interaction.
The relative magnitudes of the two correlations can be estimated with the aid.
of a simple model. As was the case with the self and shear noise model, v
separates into a mean velocity U~ and. a turbulent velocit~r u,~(y t.~~ The
cross-correlations Ru~p 

= U~ (y, t)p (~~,t+i) and Ru~2p 
= ux2(y,t)p~x,t+r) are

to be estimated. The measured Ru~2p 
correlations are too poorly defined to

be analyzed with any confidence; therefore, only the ~~~ correlation will be
examined .

The velocity is well correlated over the prove sensor and. the portion• of the probe supports that are ii ersed in the correlation volume; hence, the
cross-correlation is given by:

RUXP
CX
~
Y
~
T) = 

2,TcO
2

f*I~~ 
+ t) ~~~~ u (y,t)u

~
(y + ~~, t + .

~
. - -2 -~~I)d.~

p K S ffU (y) ~ 1+ ° 
~~~ 

u
~
(y,t)u

~
(y,t + i. - c - ~ I) (B7)

8eff is a measure of the surface area ~ the probe in the correlation volt~~ .

The analysis in Appendix A shows that the convection effects are
~~~1l at low Mach rnmbers; we shall neglect it here. Furthermore, the major
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effect of the mean øhear is to alter the directivity factor ; hence it is
assumed to be constant over a correlation volume . Thus the rather simple
model correlation :

—
~~~ 

-a~~(~~ -U )2+~~
2+I ~~~~~ 2 2 ~

e C 3 c (B8)

is chosen for mathematical convenience . Upon substitution in Eq. B7, the
.~mn.fl Mach nt~~ er approximation of the cross-correlation takes the form:.

= - a2M 2 { [1 - 2a2a2U 2(T - ,-~~j e 
2c2u~

2( T~TO) 2

2 -a2(l-ia2)U 2( )2 
~+ 

~ 
5eff 

~
2 K a c0(i- - i-

0
) e . ]- (B9)

is the sum of an even function and an odd function . The latter
is the ‘contamination ’ caused by the probe-flow interference and must be small
if the jet flow-jet noise correlation is to be estimated, with reasonable
accuracy . The ratio of the maximum values of the two correlations will give
an indicatl.on of the importance of the probe noise . The even function:

2 2 2 2
~3/2 2 2 2 -a a U ( ‘r.’. i- )

R (i-) = —i--— [1 - 2a a2U~ 
(.r - i-a) le c (Blo)

‘has a maximum T = = c0-1 Ix-y j,  while the odd function

2 2 2  22 -a (lla )U (i--i- )
R0(’r ) = 

~ 
3etr 

~
2 Ka c0(’r - i-0)e (Bli)

has a maximum at ,‘ = i-
~ 

+ ~ /(~a(1.Ia)]./2U~~. The ratio of the maximum

R~~ax (2T)3/2a2M
= 

C (B12)
• 

~~~~~ a~s~f~icJi + Cr2

should be large, if the probe noise is negligible . This criterion may be met
if the effective surface area is small and. the Mach nuther relatively high .

Let L be a typical correlation length; it follows that a2 = ~r/L
2

and. 5eff 111~~ L , where R~ is the radius of the probe support needle (the hot
wire sensor is much smaller than the probe support) . The correlation length
scales with the axial position in the jet : L .13 D (yiJD) , D is the diameter
of the jet nozzle . The Reynolds nuther of a cylindrical probe support of radius

3J4

£



.01” in a Mach .3 air jet is approximately equal to 3500, and. the drag
coefficient is near unity (Schlichting , Ref . 81) . The parameter K is set
to be equal to the drag coefficient, and, a is chosen to be .55 (Ref . 10) .
For a jet diameter of 3/4” and Uc 1/2 U , the ratio of the maxima is:

11
= .i6 

~~~
— (B13)

The model predicts that the probe noise makes a significant
contribution to the correlation function, when the probe is placed in the
principal sound producing region of a jet flow , n~~ely the first 15 jet
diameters downstream of the nozzle . Such a prediction is c~i~atib1e with the

• marked differences of the shear noise corre lations measured with the Lase r
• Doppler Velocimeter and the ones measured with the hot wire an~’wr~.ter .

I

B-5



APPE~WDC C

CROSS-SPECTRAL DENSITY ESTIMATES

C0)~’UrE~ BY A FAST FOURIER TRANSF(~M ANALY~~

The fast Fourier transform (PFT ) analyzer exploits the close
relationship between the Fourier series coefficient s of a peri odic wave
~ (t) and. the Fourier transform of the non-periodi c version of the same wave
shape, namely that the Fourier series coefficients are uniformly spaced
samples of the Fourier transform of the non-period wave (Harris, Ref. 85) .
For the purpose of machine oom~utation only a finite number of point s at
which s(t) is known can be used , and similarly there will be a finite nt~~ er
of frequencies at which the Fourier transform of the trun cated sequence of
3(w) can be computed. The fast Fourier analyzer estimates the Fourier
transform of an arbitrary function r(t) , subject to the constraints imposed
above .

The effect of the finite duration, during which f(t) is being
analyzed, is equivalent to passin g the signal f( t)  through a time window
D(t) :

1°’ t -

D(t) .~ Some suitable function (Cl)

L 0, >

D(t) is chosen to minimize the errors inherent in the process of power spectral
density estimation The most c~~~~n errors are spectral broadening (finite
analysis time) and the generation of side lobes (discontinuitieè at the
beginning and. end of the window) . The behaviour of time window has been
discussed in some detail by Harris (Ref . 86) .

The Fourier transform of the func tion D(t) f(t) is

= ~~~
J

D(t)f(t)e ~~t dt ( 02)

Consider the product of the Fourier transform estimates of f(t) and g( t) :

~ ‘ (w).~&*(w) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ d.t d.t ’ (C3)

The window f~niction has a finite duration and possesses a Fourier transform

C- 1



D(t) =f ~~~(w)e~~~ ’~ ~~ (~~~

and

= 
_
~~fZ(wo)&(w1)f(t)g*(t + T)e 

i(~0 ~~)t 
e~~

b
~1 b~~~ dt dw~ de0 dt’

(c5)
A A

Each realizati)~on ~~ 3~ -4’ * can be treated as a member of an infinite set of
realizations ~3i ~f4, if the process is ergodic. The ensemble average is
defined to be:

A A A 1 * 
-i(w _w,~)t i(~~ -w) i-

cff (w) = ~—~f~~(w0~~i(w1) .r j (t)g~(t + r)> e ° e

dt db~ dw0 dt’ (c6)
But T •

<f~(t)g~(t + r)> = Rfg(r) ~~~ 
~~ J f(t)g*(t + i-)dt (C7)

(Blankm~~, Tukey, Ref. 87) , and the correlation function is independent of t
The integration with respect to time t will result in the delta function
2T §(~~ - ~~) ; thus

(Pfg (h1~) =1 ~~wi) I 2 q)~~(w~ - w) db~ (08)

where q~g(w) is the cross-spectral density of f(t) and g(t) . The convolution
integral accounts for the absence of all Ji’ > T , brought about by the finite
window duration.

A A The FIT analyzer computes the aver age value of N realizations of
Yj  i&~(w) . Each average ma~r then be treated as an estimate of 

~~g 
(w).

I
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APPENDDC D

S0)~ PROPERTIES OF T}~ LASER DOPPLER SIGNALS

A laser beam travelli ng in the x1 direction can be modelled by the
wave

-a2(x 1, )(x2
2-hc 2) i(2irv t- ‘kx1)

E1(x ,t) = E0(x1)e e (Dl)

v0 is the frequency of the laser light with a wave nu±er k. Zo and a are
slowly varying functions of x~ and account for the slow beam divergence.
When two beams derive d from a c~~~~n source intersect at x 0 with the
angle 2~ , the total field near 4 = 0 is

_a2(x1
2sin2q~4~~.2cos2

~,+x 2) i(27TV t-kx1cos4)
E...(x , t ) = 2 E  e e

0

cosh(2a2x1x2cos~sinq +ikx2Siflq ) (1)2)

The intensity of the light is pr oportional to ’ 
lsrr 1

2 . The intensit y distribution
2 2 2 • 2  2 2

2 2 -2a ~~ ~~ ~t”~ 2 cos çts~c )
~~~ ~~~~~~~~ e

x (cosh(4a2x1x2cosq sinq ) + cos(2loc
2
sinq>) j (D3)

is the sum of a smooth function known as the Doppler pedestal and an inter-
ference pattern cos(2kx2sin~,). The distance between two maxima in the
interference pattern is the fringe spacing

d~ = 
2sin~ 

(D4.)

• The Gaussian intensity profiles of the laser beams confine the fringe pattern
near the point of intersection x = 0 usually referred to as the probe volume
(Fig . Dl) . Surfaces of constant fringe intensity are defined by

2 2  2 2  2• x1 sin ~ + x2 cos ~ + x3 = constant (D5 )

The probe vol~~~ is in the shape of an ellipsoid. The interference frin ges
are parallel to the x1x3 plane and are separated by a di stance d~~. The angle
of intersecti on 2(t, is usually in the ran ge of 30 to ~40° , and the ellipse in
the X1X3 plane has a large eccentricity, whereas the ellipse in the x2x3

D-l
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plane is nearly circular . For ~ 
sufficien tly large , the Doppler pedestal

masks the fringe pattern , and the Doppler signal that is scattered by particles
can no longer be detected. Signal to noise considerations limit tile LDV
processor to accept only Doppler signals that exceed a certain threshold level
and the probe volume is bounded by the sur face (Fig . D2)

x~
2sin2

~ + x2 cos~~ ÷ x3
2 

= R2 (D6)

The processor further requires that the scattering particle cross
at least No fringes (N0 is usually 8). A particle that traverses the probe
volume near the outer boundary may not intercept a sufficient number of fringes .
The ccmputation procedure , already initiated, cannot be completed . The per-
centage of valid Doppler bursts in the total number of signals that initiate
computation is defined to be the % validation. The largest possible value
of the % validation is the ratio of the projected areas of the effective probe
voitme containing at least 8 fringes , and the actual probe volume . The analysis
applies only for laminar flow . The presence of turbulence will degrade the %
validation

There is a total of N = 2R/d~ fringes in the probe volume, 
and

therefore the effective probe volume has semi-major axis

= (N2 
- N0

2)~~
’2 

2sin~ 
(D7 )

and semi-minor axis

= (N2 - N0
2)1/2 df

The area ratio is

,ia b N 2
(D9)

100 (i - No2/N2) is the largest possible % validation . To make the
best use of the scattering particles , the % validation should be near the
theoreti cal maximum . The % validation is an indirect measure of the data rate .
The data rate fc depends on the ni~~~er of particles J~’ that cross the probe
volume per unit time:

N 2
(D10)

If a velocity ccmponent other than the X2 direction is to be
measured, the probe volume must be rotated about the x1 or X3 axis. As the
probe volume is rotated , the scatteri ng cross-section of the probe volume
changes. If the scatte ring cross-section s of the probe volume and the

D-2



effective probe vo1i~~ change at the same ra te , then the ~ validation will
be unaffected . The data rate changes , as the number of particles that cross
the effective probe volume is a function of the scattering cross-section .

Rotation about the x1 or X2 axis is analogous to the case of laminar
flow making an angle e with respect to the norma]. of the interference fringes.
Rotation about the xi axis is considered first . The particles that intercept
the probe volume (Fig. D3) move along lines defined by:

6y = - (z - z) tan e (Dli)

• and intersect the ellipse y2cos2
~ + z

2 
= R2 

- x2sin2
~ = R2(x) at:

= ~~ tan2e cos2
~ ±j R 2(x)(l + tan2e cos

2)
~~ 
- 

~
2tan 26 ~~~~~~~~~

1 + tan 0 cos 4

= 
R(x)(l + tan2e cos2d~

’2 
(D12)

tanO cos~

- z1 = 
2

2 2 (l(2(x) 1 + tan2e cos2
~ - ~

2tan2e cos2~]1~
2

3. + tan 9 cos ~

By inspection:

~~ 
= = R(x)(l  + tan2e cos2~)1a~

12 (1)13)

The scattering cross-section at the probe volume is an ellipse with semi-minor
axis:

b0 = 
~~ £~(o) = R(l + tan2e cos2~)1/

’2 (1)114)

Since the probe volume is rotated about tile x1 axis, the semi-maj or axis is
invariant:

RI a0 =~~~~~ ~Dl5

The scat tering cross-section at the effective probe volume is bounded by the
locus of all points such that :

= = ~~~~ (1)16)
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and

~ 2( x) = ~~~~~~~~~ (R
2(x) - 

No~
c
~
f (i + tan2e cos2~))

1/2
(l + tan2e cos2~) h/2

The semi-minor axis is defined by 1/2 2(0) and the semi-maj or axis has length
~~~, where 2(i) = 0:

_ _ _  
2 N 2df

2 
2 2 1/2

= s~nq> (R  - 

~ 
(i + tan e cos ~))) (Dl7)

b1 = 

~~~~ 
- 

~~2~~2 

(i + tan2e cos2~))
1/2
(l + tan

2e cos2~) l/2 (1)18)

The area ratio

2N 2 2O cos ~)

As e is increased, a critical angle 9crit is reached at which the
area r ati o is zero . At thi s partic ular angle (dead angle) and beyond , no
valid velocity measurements can be made with the LDV system:

1/2
= arctan 

~~ (~ 
- 

~) 1
A similar anai.ysis can be performed for the case of rotation about

the x3 axis (Fig . 1)14). The results are:

N 2
o 2 . 2area ratio = 1 - (]. + tan e s~.n

• (1)20)
__ 

1/2
= arctan [—

~~~~~~~ 

(_.

~~ 

- 

~) 1
In many systems the angle ~ is of the order of a few degrees , and

the latter configura tion offers a better % validation, whereas the former
possesses a superior data rate (Figs . D5, 1)6).

In the present investigation rotation about the X3 axis was chosen ,
even though this particular configur ation is not the best from the point at
view of maximum achievable data rate . The system does, however, make use of
nearly all, partic les that cross the probe vo1wi~ and it is less susceptible
to mean velocity changes acros s the probe volt~~~.
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APPENDIX B

ESTIMATE OF THE POWER SPECTRAL DENSITY OF THE LDV OUTPUT

• The laser Doppler velocimeter generates a sequence of output voltages
v(T~) proportional to the speed of a particle in the probe volume at time
Tn - ~i, ~ is the con~ utation time required by the processor (Fig . El). The
last rea lization of v(Tn) is stored in the output memory of the processor until
a new measurement has been perfo rmed . The time interval between successive
measurements v(Tn+i) and v(T~) is t~Fn, and the output waveform of the LDV has
the form

~ (t) =
~~~~ 

V(Tn)[H(t - T~ ) - H(t - Tn+i))  (n)
n -N

The Fourier transform of v(t) is

Z7(w) = F l ~~ v(T~) tH(t - T) - H(t - T~~1) je
i
~~ dt (E2)

n - N

~~ I~~ N 
F v(Tn) e1”~h1 

~~ 
e 

~~~ 

___________

For the special case of t~~ = E~ , one may define a s~~~ling frequency or data
rate f0 = t~T~~

= 

sin ‘~‘~c e~~~
’
~
c 

~~ F 
v(n~~) ~~~~~ ~ (~~)

n=-N

( sin ‘~/fc e
’~’~”~) /~~/fc can be interpreted as the transfer funct ion at the

particular saagling process • The a~~litude transfer function (sin 7rf/fc)/~t/tc
has zeroes at f = nf 0, n = 1, 2, . . .  . The frequenc y window is a good low peas
filter for frequencies less than f = fc/2 (Fig . &). The si~~~ation is an
estimate of the Fourier transform of v(t):

Z#”(w) .j- 
f
v(t) ~~~ dt (E5)

21’(f) is a good. estimate of~.’~f) if f < f~/2 and if ~4f) has little
spectral content for frequencies greater than fc/2. If this is not the case,
then the estimated spectrum will contain spurious frequency coirçonente, called
aliases.
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As a si~~1e exa~~le one may consider the case of oscillatory flow
with frequency f0. The output of the WV processor will be:

~(t) = - T~) - H (t - T~~1)) (E6)

1% ~~~ ~~~~~ 
j
~~7t N 2ni

w(f) = v0 
~~‘~~c 

e 
~~~~~ 

cos2nf ~~ -. e (E7 )

n=-N
nf

~~~~~~~ ~7i~/~c 1 i i 
2ni -2ti r

= V
0 ~~~~~ 

e - + L ~~~
—

~~
— cos 2nf 0 ~~ 

e
n=O

(E8)

The series can be written in the form:

f+f f_ f’  f-f•

N 2~4 y2 -2,,i 2i1i 2iii
C 

)
f l (  

c 

)

n

+ (e 

C 

)
f l (  

c )fl

n=O (E9)

For N —i ~ the series simplifies to (Gradshteyn and Ryzhik, Ref . 88) :
1 + 1 + 1 + 1 ElO

f+f’ f+f f-f f-f
2nd. ~

.?_2 -2,jd. ~?~-2 2~4 .~?_.2 -2pyi —~—~
1 - e  1 - c  C 1 - e  C 1 - e  c

= l/2,i- unless f = ± f 0 or f’ = ± f0; m an integer.

At these special frequencies the series has an infinite value , and. the usual
interpretation of a delta function applies . The function w(f) has maxima at
f = ± f~, the frequency of oscillation, and. at f = m f’c ± f0. The latter are
the aliases. There are no aliases in the range 0 <f’ < fc/2 for the case of

<

In order to avoid aliasing erro rs , the dat a rate of the LDV must be
sufficiently high and sati sfy the crite ria outline d above . Turbulence spectra
of Hot Wire Anemometer signals indicate that f~ should be 20 KHZ or greater if
aliasing errors are too negligible . Additional filtering of’ the signa l v(t)
generally does not reduce errors , as the aliases may be distributed over the
entire span 0 < f < f 0.
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